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Preface

This is an introductory text on real analysis for undergraduate students. The first
course in real analysis is full of challenges, both for the instructors and the students.
Many mathematics majors consider real analysis a difficult course. The transition
from mechanical computation to formal, rigorous proofs is difficult even for many
mathematics majors. Most students beginning a course in real analysis have never
been asked to understand and construct proofs before. Moreover, even if one has
some ideas about how a proof should go, writing it down in a logical manner is a
challenge in itself. This book is written with these challenges in mind.

The prerequisite for this book is a solid background in freshman calculus in one
variable. The intended audience of this book includes undergraduate mathematics
majors and students from other disciplines whose use real analysis. Since this book
is aimed at students who do not have much prior experience with proofs, the pace
is slower in earlier chapters than in later chapters.

In most instances, motivations for new concepts are explained before the actual
definitions. For many concepts that have negations (for example, convergence of
a sequence), such negations are also stated explicitly. Wherever appropriate we
discuss the basic ideas that lead to a proof before the actual proof is given. Such
discussion is intended to help students develop an intuition as to how proofs are
constructed. There are exercises at the end of each section and of each chapter.
Occasionally, some further topics are explored in these additional exercises.

To the Students

There are a few things that you should keep in mind as you work through this book.
A professor of mine, who I shall not name here, once told me this: Nobody teaches
you mathematics. You teach yourself mathematics. You cannot hope to master
the materials in this book simply by watching your instructor lecturing. In fact, if
you could do that, this book is not for you. I have tried to make the materials as
accessible as possible, but you have to do most of the work. You should attempt as
many exercises as possible, whether they are assigned homework or not. Expect to
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do lots of scratch work as you attempt the exercises. After you have written down
a solution to an exercise, read it again and again, and then some more, to see if
every step is logical.

Expect to think deep and hard as you go through this book. When you read
a proof or an example, make sure you understand where each hypothesis is used.
Make sure that you understand every single step in a proof. If you get stuck at a
certain proof or step, let some time elapse and go back to it later. In particular,
do not expect to understand everything the first time you read it. There are many
parts in this book that you should read and think through multiple times if you
want to master them.

Besides this book, the book [Gelbaum and Olmsted (1964)] is highly recom-
mended as a source of many good and exotic examples.

Donald Yau
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Chapter 1

Sets, Functions, and Real Numbers

There are two main purposes of this chapter. First, in sections 1.1 and 1.2 we fix
some notations and introduce some terminology about sets and functions that will
be used in the rest of this book. We also discuss the very useful tool of mathematical
induction in section 1.4.

Second, basic properties of the real number system are discussed. In section
1.3 the set of real numbers as an ordered field is discussed. All of the ordered
field properties of real numbers should already be familiar to the reader. Also, the
Completeness Axiom and the Archimedean Property are discussed. In section 1.5
we discuss countable and uncountable sets, both of which are important concepts
for real numbers.

It is possible, in fact, logically correct, to construct the real number system with
all of its well known properties, starting with some set theory axioms. However,
we will not take this path in this book, so most of the basic algebraic properties
of the real number system are assumed known. The reader who is interested in
a rigorous construction of the real number system may consult [Hobson (1907)],
[Rudin (1976)], or [Sprecher (1987)].

1.1 Sets

The purpose of this section is to establish some notations and terminology regarding
sets. These concepts will be used throughout the rest of this book. More set theory
concepts will be introduced in Section 1.5. A good reference for basic set theory is
[Halmos (1974)].

1.1.1 Set Notations

By a set S we mean a possibly empty collection of objects, called elements. If x is
an element in S and y is not an element in S, we write z € S and y ¢ S, respectively.
The set with zero element is called the empty set and is denoted by @. A set with
at least one element is said to be non-empty. We sometimes write {z : z € S} to
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specific the elements in a set S.
Example 1.1. Here are some examples of sets:

e The set Z, = {1,2,3,...} of positive integers.

e The set N={0,1,2,...} of natural numbers.

e The set Z ={0,+1,+2,...} of integers.

e The set Q={™ : m,neZ,n#0} of rational numbers.

e The set R of real numbers.

e The set I of irrational numbers. A real number x is said to be irrational
if it is not a rational number.

1.1.2 Subsets

Suppose that S and T are sets. If every element in .S is also an element in 7', then
we say that S is a subset of T' and write S € T, or sometimes T'2 S. So S is not a
subset of T if and only if there exists an element x € S that does not belong to 7.
The phrase if and only if means implications in both directions. So if A and B are
two statements, then

A if and only if B

means both A implies B (i.e., if A is true, then B is true) and B implies A (i.e., if
B is true, then A is true).

If S is a subset of T and if there exists an element x € T' that does not belong
to S, then we write S ¢ T, or sometimes 7' 2 S, and call S a proper subset of T
If S and T have exactly the same elements, then we write S =T and say that they
are equal.

Example 1.2. We have the following proper subset inclusions:

Z,$NgZgQgR2L

The only inclusion that is not obvious is the last one. In other words, is there really
a real number z that is not a rational number? The answer is yes, as we will see in
section 1.3. One example of an irrational number is /2 (Theorem 1.4).

1.1.3 Operations on Sets

Let S and T be two sets. There are several ways to build new sets from these two
given sets. The union is defined as

SuT={x:zeSorxeT},
an element of which is an element in S or an element in 7. For example, we have

{0,2,5yu{1,2,4} ={0,1,2,4,5}.
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The union of a collection of sets S,,, where n € N, is defined similarly as
U Sn={z: z €S, for some n e N}.
n=1

The intersection of S and T is defined as
SnT={x:xeSand xeT}.

So an element in the intersection ST is an element that lies in both S and T'. For
example, we have

{0,2,5} n{1,2,4} = {2},

which consists of the single element 2. The intersection of a collection of sets S,
where n € N, is defined similarly as

ﬁlSn:{x: x €S, for every n € N}.
Two sets S and T are said to be disjoint if their intersection S nT is the empty
set. If S and T are disjoint, we call SuUT their disjoint union.

The difference is defined as
S\T={x:xeSandz¢T}.
It consists of the elements in S that are not in T'. For example, we have
{0,2,5} ~ {1,2,4} = {0,5}.

The Cartesian product is defined as

SxT={(x,y): xeSand yeT}.

It consists of the ordered pairs whose first entry lies in S and whose second entry
lies in T'. For example, we have

{a,b} x {c,d} ={(a,c),(a,d), (b,c),(b,d)}.

The Cartesian product of a collection of sets S,, where n € N; is defined similarly
as

oo

Sp ={(x1,22,...) : , €8, for each n € N}.

n=1

1.1.4 Ezxercises

In the exercises below, the symbols A, B,C, S, T, etc., denote arbitrary sets.

(1) Are the sets @ and {@} equal? Justify your answer.
(2) Prove that S =T if and only if both ScT and T ¢ S.
(3) Prove that ST if and only if SNnT = S.

(4) Prove the Distributive Laws:

(a) Au(BnC)=(AuB)n(Au().
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(b) An(BuC)=(AnB)u(AnC).
(5) Prove the following generalizations of the Distributive Laws:

(a) Au(NZy B:i) =NZ(Au By).
(b) An (U2 Bi) =UZ1(An B)).

(6) Prove the DeMorgan Laws:

(a) S\(AuB)=(S~A)n(S\B).
(b) SN(AnB)=(SNA)u(S\B).

(7) Prove the following generalizations of the DeMorgan Laws:

(a) S~ (UZy Ai) = N2y (SN Ay).
(b) S~ (NZ1 4i) = U2y (SN Ag).
(8) Prove that S x (Uy2y An) =Up1 (S x Ay).
(9) Prove that (AxB)n(SxT)=(AnS)x(BnT).
(10) For a set S, define its power set P(S) to be the set whose elements are the
subsets of S. For example,

/P({avb}) = {Qa {a}a {b}> {avb}}

If S has n elements, where n is an arbitrary natural number, find the number
of elements in its power set P(S).

1.2 Functions

The purpose of this section is to establish some notations and terminology regarding
functions.

1.2.1 Functional Notations

The concept of a function should already be familiar from calculus. Let S and T
be two sets. A function from S to T, written as

[:5-T,

is a rule that assigns to each element = € S an element f(x) € T. Equivalently,
such a function f is a subset U of the Cartesian product S x T" such that for every
element z in S, there exists exactly one element in U of the form (z,y) for some
y €T. The set S is called the domain of f, which is denoted by Dom(f). The set
T is called the target of f. The range of f is the subset

Ran(f)={f(z)eT : zeS}cT.
For a subset A of S, the image of A under f is the subset
flA)={f(a): ac A} cT.
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For a subset B of T, the inverse image of B under f is the subset
fY(B)={zeS: f(z)eB}cS.
Example 1.3.

(1) There is a function f:R — R defined by f(z) =22 -1 for real numbers . The
range of f is all of R. The image of Z, under f is

F(Z,)={1,3,5,...).

The inverse image of Z, under f is

f‘l(ZJr):{l,g,Q,g,...}:{14—% : neN}.

(2) There is a function ¢:{0,2,5} — {1,2,4} defined by g(0) = ¢g(2) = 4 and

g(5) = 1. The range of g is the proper subset {1,4} of {1,2,4}. Moreover, we
have f7!({2}) =@ and f7'({4}) = {0,2}.

1.2.2 Special Functions
Definition 1.1. Let f:S — T be a function.
e We call f an injection if for elements x and y in S,

f(z)=f(y) implies z=y.

In this case, we also say that f is injective.

e We call f a surjection if for every element z € T', there exists an element x € S
such that f(xz) = 2. In this case, we also say that f is surjective.

e A function that is both an injection and a surjection is called a bijection.

Thus, a function f:S — T is not injective if and only if there exist two distinct
elements x and y in S such that f(z) = f(y). A function f:S — T is not surjective
if and only if there exists an element z € T' that does not lie in the range of f.

If f:S — T is a bijection, then there is a bijection ¢:T — S (Exercise (13)).
In other words, there exists a bijection from S to T if and only if there exists a
bijection from T to S.

A function can be injective without being surjective, or surjective without being
injective. Also, it can be neither injective nor surjective. These statements can be
demonstrated with the following examples.

Example 1.4. Suppose f:R - R is a function.

(1) If f(x) = 2%, then it is injective but not surjective.

(2) If f(z) =x(z—1)(z+ 1), then it is surjective but not injective.
(3) If f(x) = 22, then it is neither injective nor surjective.

(4) If f(z) =2x -1, then it is a bijection.
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1.2.3 Inverse Functions

Suppose that f:S — T is an injection. In other words, if x and y are two distinct
elements in S, then f(x) # f(y) in T. In this case, there is an inverse function

f7': Ran(f) - Dom(f)
defined by
f(2)=2 ifandonlyif f(z)=z (1.1)
for all z € S = Dom(f) and z € Ran(f).

Example 1.5. The function f:R — R defined as f(z) = 2z — 1 is a bijection,
which is, in particular, an injection. Its inverse function f~':R — R is given by
fH(z) = L(z +1) for any real number z.

If f is a bijection, then its inverse function f~! is also a bijection. Moreover, the
inverse function (f7')7' of £~ is f. This is Exercise (13) below.

1.2.4 Composition

If f:5 - T and ¢:T - U are functions, then their composition
gof:S->U

is defined as

(go f)(x)=9(f(2))
for elements = in S. Note that in order to define the composition g o f, the range

of f must be a subset of the domain of g.

Example 1.6. Consider the functions f,g:R — R defined by f(x) = 2% and g(z) =
2x — 1. In this case, we can form the compositions

(90 f)(x)=g(z*)=22° -1 and (fog)(z)=(g9(x))*= (22 -1).

1.2.5 Ezxercises

(1) If f,9:S — S are two functions such that fog=go f, does it follow that f = g?
(2) Let f: 8 > T and ¢:T — U be functions.
(a) If both f and g are injections, prove that g o f is also an injection.
(b) If both f and g are surjections, prove that go f is also a surjection.
(c¢) If both f and g are bijections, prove that go f is also a bijection.
(3) Let f:5 > T and ¢:T — U be functions.
(a) If g o f is an injection, prove that f is an injection.
(b) If go f is an injection, does it follow that g is an injection.
(4) Let f:S - T and ¢:T - U be functions.
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(a) If go f is a surjection, prove that g is a surjection.
(b) Give an example in which go f is a surjection, but f is not a surjection.

5) For a positive integer n, determine the number of bijections from the set
g ]
{1,...,n} to itself.
(6) Let m and n be positive integers.

(a) How many different functions f:{1,...,n} - {1,...,m} are there?
(b) Suppose that n < m. How many functions f in the previous part are
injections?

(7) Let f:S = T be a function, and let A and B be subsets of S.

(a) Prove that f(AuB) = f(A)u f(B).

(b) Prove that f(AnB)c f(A)n f(B).

(c¢) Prove that, if f is an injection, then f(An B) = f(A) n f(B).
(d) TIs the equality f(An B) = f(A)n f(B) always true?

(8) Let f:5 — T be a function, and let A and B be subsets of T.

(a) Prove that f*(AuB) = f1(A)u f1(B).
(b) Prove that f*(An B) = f1(A) n f(B).
(c) Prove that f~(T ~ A) =S~ f71(A).

(9) Let f:5 - T be a function, and let A;, As,... be subsets of T'.

(a) Prove that f=1 (U, An) = U, f1H(AR).
(b) Prove that =1 (N2 An) =Ny £7H(AL).

(10) Let f:S - T be an injection. Prove that it has a unique inverse function.
(11) In each case, (i) verify that f is an injection, (ii) find the inverse function f~!
of f, and (iii) specify domain and range of f~.

(a) f(x)=+/z for z >0.

b) f(xz)=+v2+ 3z for x > -2/3.
(c) f(x)=1+2?%for x>0.

(d) f(x)=2x+5for zeR.

(12) Le
L

1 f:S =T and g:T - U be injections. Prove that (go f)™' = ftog™h
(13) Le

(
t
t f:S — T be a bijection.

(a) Prove that its inverse function f! is also a bijection.
(b) Prove that the inverse function (f~1)~! of f~!is f itself.

(c) Prove that f~1(f(z)) == and f(f!(y)) =y forallze S and yeT.

(14) Let f:S - T and ¢:T — U be two functions. Suppose that (go f)(x) = = and
o =yforallzeS and yeT.
(feg)w) =y y

(a) Prove that f and g are both bijections.
(b) Prove that g = f1.
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1.3 Real Numbers

In the section, some basic algebraic properties of real numbers are discussed. Then
we state the Completeness Axiom and discuss some of its consequences, including
the Archimedean Property and characterization of intervals.

1.3.1 Ordered Field

Let x, y, and z be three arbitrary real numbers. There are two basic operations
of real numbers. Namely, one can form the sum x + y and the product xzy. The
following properties should be familiar to the reader.

(F1) x+y=y+uz.

(F2) (z+y)+z=a+(y+2).

(F3) There exists an element 0 such that z+0 = z.

(F4) There exists a real number —z such that z + (-z) = 0.

(F5) zy=yx.

(F6) (zy)z =x(yz).

(F7) There exists an element 1 such that 1.z =x-1.

(F8) If = £ 0, then there exists an element 7! such that z-z7! = 1.
(F9) z(y+2z2)=axy+az.

The first two properties state that addition is commutative and associative. The
properties (F3)-(F4) state that there exists a 0 real number, and every real number
has an additive inverse. The properties (F5)-(F8) are the corresponding statements
for multiplication. The last property says that multiplication is distributive over
addition.

A set S equipped with two operations + (addition) and x (multiplication) sat-
isfying the properties (F1)-(F9) is called a field. So the set R of real numbers is
a field, as is the set Q of rational numbers (Exercise (1)).

Given two arbitrary real numbers x and y, it is possible to compare them using
the inequality < (less than or equal to). The following properties of this relation
should be familiar to the reader. Again, x, y, and z are arbitrary elements in R.

(O1) Either z <y or y < x; both of these happen at the same time if and only if
x=y.

(02) If x <y and y < z, then z < 2.

(03) If e <y, then z+ 2z <y + 2.

(04) If z <y and 0< z, then zz < yz.

If x <y and = # y, then we write x < y and say that x is strictly less than y. We
will also use the notations y > x for ¢ < y and y > = for x < y. For real numbers
x <0<y, we say that = is negative and y is positive.
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called an ordered field. So the set R of real numbers is an ordered field, as is the
set Q of rational numbers.

Given a finite number of real numbers {x1,...,z,}, their maximum and min-
imum elements are denoted by max{x1,...,z,} and min{zy,...,x,}, respectively.

A field F equipped with a relation < satisfying the properties (01)-(04) is

1.3.2 Absolute Value

Another familiar property of real numbers is the absolute value.

Definition 1.2. Let x be a real number. Its absolute value is defined as the real
number

xz ifz>0,
x| = .
-z if x<O0.
Note that
|z] <y ifand only if -y<x<y. (1.2)

In particular, applying this to y = |z|, we have
—lx| < x < |z (1.3)

for any real number z.

The most important property of the absolute value that we will use is the Tri-
angle Inequality. Recall from calculus that if a and b are two vectors, one can form
a triangle in which the edges are a, b, and a+b. The sum of the lengths of the first
two edges, |a|+ |b)|, is at least the length of the remaining edge |a+b|. The Triangle
Inequality is the real number analog of this fact.

Theorem 1.1 (Triangle Inequality). For any real numbers x and y, we have
[z +yl < =]+ Jyl-
Proof. Adding the inequalities
“lz| <z <fz[ and -yl <y <y,
we obtain
—(l] +[yl) = —lz - [yl <z +y <z + y].

Using the characterization (1.2), the above inequalities are equivalent to the Triangle
Inequality. (]
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1.3.3 Upper and Lower Bounds

The Completeness Axiom of R is about the existence of a certain upper bound of
sets of real numbers. Before discussing this axiom, we first discuss the concepts of
upper and lower bounds.

Definition 1.3. Let S be a non-empty subset of R.
(1) The set S is bounded above if there exists a real number u such that
rx<u forallzesS.

Such an element u is called an upper bound of S.
(2) The set S is bounded below if there exists a real number [ such that

[<x forallzes.

Such an element [ is called a lower bound of S.
(3) The set S is bounded if it is both bounded above and bounded below. A set
is unbounded if it is not bounded.

So S is not bounded above if for every real number a, there exists an element
x €S with x > a. Likewise, y is not an upper bound of S if and only if there exists
an element x € S such that z > y. Similarly, S is not bounded below if for every
real number a, there exists an element x € S with x < a. Finally, y is not a lower
bound of S if and only if there exists an element x € S such that x < y.

Example 1.7.
(1) The subset

S:{l:neZJr}
n

of R is bounded. It is bounded above with 1 serving as an upper bound. Any
real number x > 1 is also an upper bound of S. Also, S is bounded below with
0 serving as a lower bound. Any real number y < 0 is also a lower bound of S.

In particular, upper and lower bounds are not unique.
(2) The subset

T={x:xz<0}

of R is bounded above with 0 as an upper bound. However, T is not bounded
below.
(3) The subset

U={z:z>1}

of R is bounded below with 1 as a lower bound. However, U is not bounded
above.
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As noted above, upper and lower bounds, when they exist, are not unique. Thus,
when a subset S of R is bounded above, it makes sense to ask if there is an upper
bound u that is in some sense the most efficient one. In other words, is there an
upper bound u of S such that no real number x < u is an upper bound of S? To
make this precise, we need the following definition.

Definition 1.4. Let S be a non-empty subset of R.

(1) Suppose that S is bounded above. A real number v is called a supremum, or
least upper bound, of S if

e 1 is an upper bound of S, and
e if x <wu, then x is not an upper bound of S.

We denote a supremum of S by sup(.S).
(2) Suppose that S is bounded below. A real number [ is called an infimum, or
greatest lower bound, of S if

e [ is a lower bound of S, and
e if x> [, then z is not a lower bound of S.

We denote an infimum of S by inf(S).

Note that at this point, we do not really know if a set S that is bounded above
has a supremum or not. However, if a supremum of S exists, then it must be unique
(Exercise (10)). The same is true for infimum, so we can speak of the supremum
and the infimum of S.

Example 1.8. Consider the subset S = {x : <0} of R. It is bounded above with
0 as an upper bound. It is intuitively clear that 0 should be the least upper bound
as well. To prove this, pick any real number y < 0. We want to show that y is not

an upper bound of S. It suffices to demonstrate the existence of an element = € S
y
2
upper bound of S. This shows that sup(S) = 0. Observe that the supremum 0 is

with > y. Since y < 0, we have y < § <0, and so § € S shows that y is not an

not an element in S.

1.3.4 The Completeness Axiom

In this book, we will take the following property of R for granted.

The Completeness Axiom. Every non-empty subset S of R that is bounded
above has a supremum.

So the Completeness Axiom of R guarantees the existence of the supremum as
long as the non-empty set is bounded above. Although this axiom is stated only
for sets that are bounded above, there is a corresponding statement for sets that
are bounded below. It states that every non-empty subset S of R that is bounded
below has an infimum (Exercise (9b) below). The Completeness Axiom is extremely
important because many results later depend on it.
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We will now discuss some consequences of the Completeness Axiom. Suppose
that every step that you take covers a distance of, say, two feet. If you want to get
from town A to town B by walking, it seems obvious that you can accomplish this,
provided that you walk long enough. This is the motivation for the following result.

Theorem 1.2 (The Archimedean Property). Leta and b be positive real num-
bers. Then there exists a positive integer n such that na > b.

Proof. This is proved by contradiction. Suppose that na < b for every positive
integer n. So the set
S={na:n=1,2...}
is not empty, since it contains a, and is bounded above with b as an upper bound.
By the Completeness Axiom, the set S has a supremum u. Since a > 0, it follows
that v — a < u. With u being the least upper bound of S, this implies that u —a
is not an upper bound of S. So there exists an element na € S with na > v — a, or
equivalently, (n + 1)a > u. But n+ 1 is a positive integer, so
(n+1)aeS and (n+1l)a<u

because u is an upper bound of S. This contradicts the statement (n + 1)a > u.
Therefore, there exists a positive integer n with na > b. O

Given a real number a > 0, it seems clear that the reciprocal of some large
positive integer n lies in between 0 and a. The following result shows that this is
indeed the case.

Corollary 1.1. For every positive real number a, there exists a positive integer n
such that % <a.

Proof. Applying the Archimedean Property to the positive real numbers a and 1,
we obtain a positive integer n such that na > 1. The desired inequality now follows
when we divide by n. O

Another consequence of the Archimedean Property is that the set N of natural
numbers is not bounded above.

Corollary 1.2. Let x be a real number. Then there exists a positive integer n such
that © < n.

Proof. 1If x <0, then we can take n = 1. So suppose that z > 0. Applying
the Archimedean Property to 1 and z, we obtain a positive integer n such that
n-1=n>ux. O

It seems obvious that every positive real number is either a natural number or
lies between two natural numbers. This is proved in the following result.

Corollary 1.3. Let x be a positive real number. Then there exists a positive integer
n such that

n—-1<xz<n.
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Proof. By Corollary 1.2 there exists at least one positive integer m > z. So the
set

S={meZ,: m>zx}
is non-empty. Let n be the least positive integer in S. Then we have n > x. Also,

n — 1 is a natural number that is strictly less than n, son—-1¢ S and n-1 < z.
Thus, we have n—1 < x < n. O

1.3.5 Lots of Rationals and Irrationals

Next we want to establish the fact that given any two distinct real numbers z and
y, there exist a rational number a and an irrational number b, both of which lie
strictly between = and y. This is again a consequence of the Archimedean Property.
First we prove the rational case.

Theorem 1.3. Let x and y be real numbers with x <y. Then there exists a rational
number a such that

r<a<y.

Proof. We prove this when x > 0. The other case x < 0 is Exercise (20). Since
y—x > 0, there exists a positive integer n satisfying % <y —x by Corollary 1.1.
Rearranging this inequality we obtain
1+nx < ny.
Since na > 0, by Corollary 1.3 there exists a positive integer m such that
m-1<nx<m.
This implies that
m<1+nx<ny.
Thus, we have nz < m < ny. Dividing by n, we obtain
z< D¢ Y,
n
which proves the theorem. (I

For the irrational case, we will need the following result, which shows that /2
is an irrational number.

Theorem 1.4. The real number \/5 1s irrational.

Proof. This is proved by contradiction. Suppose that /2 = ™ for some integers
m and n with n # 0. Since we can always cancel the common integer factors of m
and n, we may assume that m and n do not have any common factor > 1. Squaring
the equality v/2n = m, we obtain 2n? = m?. This shows that 2 is a factor of m? and
hence of m. It follows that m? has at least two factors of 2. The above equality
then tells us that n% must have at least one factor of 2 as well, so n also has a factor
of 2. Thus, 2 is a common factor of m and n, which is a contradiction. Therefore,

/2 is an irrational number. |
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Corollary 1.4. Let © and y be real numbers with x < y. Then there exists an
irrational number b such that

r<b<y.

Proof. Applying Theorem 1.3 to v/2x < /2y, we obtain a rational number a such
that 2z < a < \/§y Dividing by \/5, we obtain

a
T<—<y.

V2

Observe that b = % is an irrational number. Indeed, if b is rational, then since a is
rational, so is /2 = % contradicting Theorem 1.4. O

1.3.6 Intervals

Many results that we will discuss in later chapters have to do with intervals, which
we define formally below. As you already know, if an interval contains two points,
then any point in between is also in the interval.

Definition 1.5. By an interval in R we mean a non-empty subset I containing at
least two real numbers such that if s and ¢ are both in I with s < ¢, then any real
number z satisfying s < x < t is also an element in I.

For real numbers a and b with a < b, it is easy to see that the following sets are
intervals:

(1) (a,b) ={x : a<x<b} (open bounded interval).

(2) (a,b]={z: a <z <b} (half-open bounded interval).
(3) [a,b) ={z: a<z<b} (half-open bounded interval).
(4) [a,b] ={z: a <z <b} (closed bounded interval).

(5) (a,00) ={x: a <z} (open unbounded interval).

(6) [a,00)={z: a<z} (closed unbounded interval).
(7) (-00,a) ={x : x <a} (open unbounded interval).
(8) (=o0,a] ={z: x <a} (closed unbounded interval).
(9) (—o0,00) =R (both open and closed interval).

In fact, an interval must be of one of the above forms. We consider the examples
of bounded intervals.

Proposition 1.1. Let I be an interval that is bounded. Then there exist some real
numbers a and b such that I = (a,b), (a,b], [a,b), or [a,b].

Proof. Since [ is bounded above and below, it has a supremum b and an infimum
a by the Completeness Axiom. Note that a and b may or may not be elements in
1. To prove the assertion, it suffices to prove that every real number z satisfying
a<x<bisan element in I.
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Pick any positive real number € with € < min{z — a,b- x}. Note that we have

at+te<xr<b-e.

Since a + € > a, there exists an element s € I such that

s<a+e<uw.

Likewise, since b — € < b, there exists an element ¢ € I such that

t>b-e>ux.

So we have s < z <t with s and ¢ in I. By the definition of an interval, we conclude
that z is an element in I, as desired. O

In Exercise (24) below you are asked to show that an unbounded interval must

be of one of the remaining five forms.

1.3.7 Ezxzercises

(1)
(2)

Prove that the set Q of rational numbers, with the usual addition and multipli-
cation, is a field. Are N and Z fields?

This exercise is about the field with two elements. Consider the set Z/2 = {0,1}
with two elements. Define its addition and multiplication by

0+0=0,0+1=1=1+0,1+1=0,0-0=0,0-1=0=1-0,1-1=1.

(a) Prove that Z/2 is a field.
(b) Is Z/2 an ordered field?

Let a and b be real numbers.

(a) Prove that |la| - |b|| < |a - b).

(b) Prove that |a —b| < |a] + |b].

Suppose that [z —a| < § and that |y —a| < §. Prove that [z -y| <e.

Prove that z =0 if and only if the inequality |z| < € holds for every € > 0.
Suppose that x < y + € for every € > 0. Prove that x <y.

Prove that |z — a| < € if and only if x lies in the open interval (a —¢€,a +¢€).
Prove that a non-empty subset S of R is bounded if and only if there exists a
positive real number M such that |z| < M for every element z in S.

Let S be a non-empty subset of R that is bounded below.

(a) Define the set =S = {-z : x € S}. Prove that —S is bounded above.

(b) Prove that sup(-S) = —inf(.9), i.e., —sup(-S5) is the greatest lower bound
of S. Conclude that a non-empty subset of R that is bounded below has
an infimum.

Let S be a non-empty subset of R.

(a) If S is bounded above, prove that S has a unique supremum.
(b) If S is bounded below, prove that S has a unique infimum.
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(11)

(12)

(15)

(16)

(17)

(20)
(21)
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Let S be a set consisting of n elements, where n is some positive integer.

(a) Prove that S is bounded.
(b) Prove that inf(.S) and sup(S) are both elements in S.

Let S be a non-empty bounded subset of R.

(a) Let u € R be an upper bound of S. Prove that u = sup(.S) if and only if for
every real number € > 0 there exists an element = € S such that u—e < x.

(b) Let [ € R be a lower bound of S. Prove that [ = inf(S) if and only if for
every real number € > 0 there exists an element y € S such that [ + ¢ > y.

Let S be a non-empty bounded subset of R. Prove that inf(.S) < sup(.S).
Let S €T be non-empty bounded subsets of R. Prove the inequalities:

inf(T") <inf(S) <sup(S) < sup(T).

So the infimum of a bigger set is smaller, and the supremum of a bigger set is

bigger.

Let S and T be non-empty bounded subsets of R such that z <y for all  in S

and y in T'. Prove the following statements.

(a) sup(S) <inf(T).

(b) sup(S) =inf(T) if and only if, for every € > 0, there exist z in S and y in T'
such that y —z <e.

Let S and T be non-empty bounded subsets of R.

(a) Prove that inf(SuT) = min{inf(S),inf(7") }, the minimum of inf(S) and
inf (7).

(b) Prove that sup(S uT) = max{sup(S),sup(T)}, the maximum of sup(S)
and sup(T).

Let a and b be real numbers with a < b.

(a) Find the infimum and the supremum of the open interval I = (a,b).

(b) Do inf(I) and sup(I) lie in I?

(c) Repeat the previous two parts with the closed interval [a,b].

Let S be a non-empty subset of R that is bounded above with supremum b.
Suppose that b is not an element in S. Prove that for every € > 0, there exist
infinitely many elements in S that lie in the interval (b - €,).

Find the infimum and supremum of each of the following sets of real numbers.
(a) S={xz: 1<z<3}.

(b) S={z: 2*-22x-3<0}.

() S={z: 2*-5<0}.

Finish the proof of Theorem 1.3 by proving the case x < 0.

Let a < b be real numbers.

(a) Prove that there exist infinitely many rational numbers in the interval (a,b).
(b) Prove that there exist infinitely many irrational numbers in the interval

(a,b).
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(22) Prove that the following real numbers are all irrational: \/3, {3/5, and \/5 +v/3.
(23) Let I and J be two intervals such that the intersection I n.J contains at least
two distinct real numbers. Prove that I nJ is also an interval.
(24) Let I be an interval that is an unbounded set.
(a) If I is bounded below, prove that I has the form (a,o0) or [a, o).
(b) If I is bounded above, prove that I has the form (-o0,a) or (-o0,a].
(c¢) If I is neither bounded above nor bounded below, prove that I = R.

(25) In each case, write down an explicit bijection between the given sets.
(a) (1,3) and (5,12).
(b) R and (0,1).
(c) [0,1) and [1, c0).
(26) Describe each of the following sets: ;2,[1 - £,1], N2 (1 - £,1), and
Nnz1[n, ).

1.4 Mathematical Induction

Many proofs in this book and elsewhere use a technique called mathematical induc-
tion. This method allows one to establish the validity of many related statements
at the same time.

1.4.1 Induction

We begin by stating a property of the set Z, of positive integers. If S is a non-empty
subset of Z,, then a least element of S is an element x € S such that x <y for all
elements y € S.

Well-Ordering Property. Any non-empty subset of Z, has a least element.

This seems rather obvious. If S is a non-empty subset of Z,, just pick its least
element! In any case, we take the Well-Ordering Property as an axiom.

Principle of Mathematical Induction. For each positive integer n, let P(n) be
a statement. Suppose that the following two conditions hold:

(1) P(1) is true.
(2) For each positive integer k, if P(k) is true, then P(k +1) is true.

Then P(n) is true for all positive integers n.
Proof. Let S be the subset of Z, consisting of those positive integers n for which

P(n) is not true. If S is the empty-set, then we are done. Otherwise, S is not
empty. By the Well-Ordering Property there is a least element N in S. Since P(1)
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is true, we have that 1 ¢ .S and that N > 1. So N -1 is a positive integer that does
not lie in S, which means that P(N —1) is true. By the second hypothesis above,
it follows that

P(N)=P((N-1)+1)

is true. So N ¢ S, which is a contradiction. Therefore, S must be empty, and P(n)
is true for all positive integers n. (]

In some situations, the statements P(n) do not start with n =1 but some other
positive integer ng. In this case, the initial case P(1) should be replaced by P(ng)
and k should be replaced by k > nyg.

We illustrate how to use induction with a few examples.

Theorem 1.5 (Bernoulli’s Inequality). Suppose that a > -1 and a # 0. Then
for integers n > 1, we have

(1+a)">1+na.

Proof. This is proved by induction on n. For the first case, when n = 2, we have
(1+a)?>=1+2a+a*>1+2a.
Now suppose that (1+a)™ > 1+ na for some n > 2. For the case n + 1, we have
(1+a)"'=(1+a)"(1+a)>(1+na)(1+a)
=1+ (n+1a+na®>>1+(n+1)a,
as desired. 0
For a positive integer n, define n factorial as the product
nl=1-2-3-(n-1)n.

For example, 1! =1, 3! =6, and 5! = 120. We set 0! = 1. For non-negative integers n
and k with n >k, define the binomial coefficient as

() 7 (1

() ()1 (- s (o

The binomial coefficients are related as follows. The following result is proved
without induction. It is needed for the result after it. Its proof is a simple algebraic
computation, which is left to the reader as an exercise.

For example,

Theorem 1.6 (Pascal’s Triangle). For positive integers n and k with n > k, we

O ()
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Theorem 1.7. For a real number x and a positive integer n, we have

(Lsa) =3 (Z)xk

k=0

Proof. This is proved by induction on n. The first case is

(l+z)' =1+x= ((l))xo + (1)x1

Suppose that the required identity is true for some positive integer n. We must
show that the next case is true. We compute as follows:

Q+z)"™ =1 +z)-1+2z)"

=(1+z)- i (Z):Jc]~c

k=0

In the next-to-the-last step, we used Theorem 1.6. The theorem is proved. O

Corollary 1.5 (Binomial Theorem). For real numbers a and b and a positive
integer n, we have

(a+b)" = i (Z)akb”’k.

k=0

Proof. 1If b =0 then the identity is clearly true, since n — k > 0 except for n = k.
So suppose that b # 0. In this case, we have

(a+b)”:b"(1+%)n
no fa\F
"2 () G)
D10

where we used Theorem 1.7 in the second equality. O
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1.4.2 Strong Induction

Sometimes the following form of induction is more convenient to use.

Principle of Strong Induction. For each positive integer n, let P(n) be a
statement. Suppose that the following two conditions hold:

(1) P(1) is true.
(2) For each positive integer k, if P(1),...,P(k) are true, then P(k +1) is true.

Then P(n) is true for all positive integers n.

Proof. This is proved by contradiction. Suppose that P(n) is not true for some
n. By the Well-Ordering Property we can choose the least N such that P(N) is not
true. Since P(1) is true, we have that N > 1 and that P(1),..., P(N -1) are true.
By the second hypothesis it follows that P(N) is true, which is a contradiction.
Thus, P(n) is true for every positive integer n. O

1.4.3 Ezxercises

Prove that Y}_; k = @ for every positive integer n.

Prove that ¥j_; k% = M for every positive integer n.

(1)
(2)
(3) Prove that Y7, k% = (@)2
(4) Prove that ¥_;(8k - 5) = 4n? — n for every positive integer n.
(5) Prove that Y 7_,(2k-1)? = n(4+271) for every positive integer n.
n+1
(6) Prove that Y7_o 2" = % for every real number x # -1 and positive integer
n.
) Prove that (Z) = (nfk) for all integers n > k > 0.
) Prove that 7" — 2" is divisible by 5 for every positive integer n.
) Prove that 11" — 4" is divisible by 7 for every positive integer n.
) Prove that 52" - 1 is divisible by 8 for every positive integer n.
11) Prove that >;_, 2% <1 for every positive integer n.
) Prove that 2" < n! for all integers n > 4.
) Prove that n? < 2" for all integers n > 5.
) Prove that n® < 3" for every positive integer n.
) Let aq,...,a, be real numbers with n > 2.
(a) Prove that |aj + -+ an| < |ag] + - + |an]-
(b) Prove that |a1 + -+ ap| = |a1| = (Jaz| + -+ + |an])-
(16) Let aq,...,a, be positive real numbers with n > 1. Prove the inequality:
(1+a1)(1+ap)21+a;++ap.
(17) Let Sy,...,S, be non-empty bounded subsets of R for some n > 1. Prove that
the union U}, S; is also non-empty and bounded.
(18) Prove Theorem 1.6.
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1.5 Countability

Sets come in different sizes. The most basic way to define the size of a set is to
categorize it as either finite or infinite.

1.5.1 Finite and infinite sets

Definition 1.6. A set S is called a finite set if either S is the empty set @ or
there is a bijection from S to the set {1,2,...,n} with n elements for some positive
integer n. A set that is not finite is called an infinite set.

If there is a bijection f:S — T, then its inverse function f~%:T — S is also a
bijection (Exercise (13) on page 7). Thus, in the above definition, there is a bijection
from S to the set {1,2,...,n} if and only if there is a bijection from {1,2,...,n} to
S.

Example 1.9. The set N of natural numbers is infinite, which seems obvious. To
prove it, suppose to the contrary that there exists a bijection f:{1,2,...,n} > N for
some positive integer n. We can rank the n natural numbers f(1),..., f(n) from the
smallest to the largest. If f(k) is the largest integer among these n natural numbers,
then f(k) +1 €N is not in the range of f. This contradicts the assumption that f
is a bijection. Therefore, the set N is infinite.

It should be intuitively clear that any set that contains an infinite set is itself
an infinite set. This is made precise in the following result.

Theorem 1.8. Let T be an infinite subset of a set S. Then S is an infinite set.

Proof. We prove this by contradiction. So suppose that S is not an infinite set,
which means that S is a finite set. By definition there is a bijection f:{1,...,n} > S
for some positive integer n. We will derive the contradiction that T is a finite set.
Let ki,...,k; be the list of all the distinct positive integers in {1,...,n} such that
f(k1),..., f(k;) are elements in T. In particular, we have

The function ¢:{1,...,i} = T defined by
9(j) = f(kj) eT
is injective because f is injective. Moreover, g is surjective because every element

in T is of the form f(k;) for some j =1,...,7. Thus, g is a bijection, which means
that T is a finite set. This is a contradiction, and hence S is an infinite set. |

Corollary 1.6. Let T be a subset of a finite set S. Then T is a finite set.

Proof. This is the contrapositive of Theorem 1.8. Indeed, if T is an infinite set,
then S is an infinite set as well, contradicting the assumption. O
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Corollary 1.7. The sets Z, Q, and R are all infinite.

Proof. We know from Example 1.9 that N is an infinite set. Since N is a subset
of Z, Q, and R, it follows from Theorem 1.8 that they are also infinite sets. O

1.5.2 Countable and Uncountable Sets

What is perhaps surprising is that there are very different sizes even among infinite
sets. To make this precise, we need the following definitions.

Definition 1.7. An infinite set S is said to be countable if there is a bijection
from Z, to S. An infinite set that is not countable is called uncountable.

So a set S is uncountable if and only if it is neither finite nor countable. An
uncountable set is in some sense a lot bigger than a countable set. At this point,
it may seem hard to imagine an infinite set that is uncountable. We will address
this issue in a short while. Before that we want to show that the set Q of rational
numbers is countable. This might also seem counter-intuitive because QQ contains
many elements that are not in Z,.

Theorem 1.9. The set Q of rational numbers is countable.

Proof. Every rational number can be written uniquely as a fraction 7 in lowest
terms, in which m and n are integers, n > 0, and that m and n do not have common
integer factors > 1. Therefore, we can create a list of the rational numbers as follows:

01-12-23-3...

L _13 35 _57
2722 22 "2 2
L _ 1.2 24 45
3733 33 3 3
1_13 5 _5 T
471 14 4 "1 1

-
T oalw

In this list the nth row contains the rational numbers % in lowest terms whose

denominator is n. Each rational number appears in this list exactly once.
Now we define a function f:Z, — Q by going down the southwest-to-northeast
diagonals. In other words, define

First diagonal f(1) =0,
Second diagonal f(2)= %, f(3) =1,
Third diagonal f(4) = %, f(5) = —%, f(6)=-1,

and so forth. This function f is surjection because every rational number appears
in the above list. Also, f is injective because every rational number appears only
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once in the list. Therefore, f is a bijection from Z, to Q. This shows that Q is
countable. 0

Next we observe that the set R is uncountable, so intuitively R is a lot bigger
as a set than Q. We will concentrate on the open interval (0,1).

Theorem 1.10. The set of real numbers in the open interval (0,1) is uncountable.

Ideas of Proof. The plan is to show that, if (0, 1) is countable, then there is a real
number in this interval whose nth digit in its decimal expansion differs from that
in the nth term in the countable set (0,1). This would then be a contradiction.

Proof. This is proved by contradiction. Suppose that the set (0,1) is countable,
so there is a bijection f:Z, — (0,1). Each real number in (0,1) has a decimal
expansion

0..131])2.1‘3.%‘4"'

in which each digit z; is between 0 to 9. Using the bijection f, we can list all the
elements in (0,1) as follows:

f(1) =0.a11a12a13a14",
f(2) = 0.a21a22a23a24",

f(3) =0.a31a32a33a34",

Each digit a;; is between 0 and 9.

To derive a contradiction, we will write down explicitly a real number b in (0, 1)
that is different from f(n) for every n € Z,. Consider the digits along the diagonal:
ai1, ags, a33, aq4, €tc. For each integer n > 1 define the digit

- {2 i # 2,

5 if anp = 2.
Consider the real number
b= O.blbgbg'“ € (0, 1)

For each integer n > 1, b is different from f(n) = 0.an1an2a,3 -+ because their nth
digits, b, and a.,,, are different. This shows that f is not surjective, contradicting
the assumption that f is a bijection. Therefore, (0,1) is an uncountable set. d

The technique used in the proof above is called Cantor’s diagonal argument.
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1.5.3 Exercises

(1)

(2)

Let Sy, ..., Sk be finite sets for some positive integer k.

(a) Prove that the finite union Y, S; is also a finite set.
(b) Prove the the finite Cartesian product []%, S; is also a finite set.

Let S,,, where n € Z,, be an infinite collection of sets.

(a) Is the union U5, S, necessarily an infinite set?

(b) Is the Cartesian product [],; S, necessarily an infinite set?

Let S be an infinite set, and let A be a finite set. Prove that S\ A is an infinite
set.

Prove that the set N is countable.

Let A be a set, and let B be a countable set. Prove that A is countable if and
only if there exists a bijection from A to B.

Let S be an infinite set. Prove that S has a countable subset.

Prove that the set Z of integers is countable by writing down an explicit
bijection from Z, to Z.

Let n > 2 be a positive integer. Prove that Z is the disjoint union of n countable
sets.

Write down a bijection from the set of even integers to the set Z of integers.
Let T be a subset of a countable set S. Prove that T is either finite or
countable.

Let S and T be countable sets. Prove that there is a bijection from S to SuT.
Let f:T — S be an injection in which S is countable. Prove that T is either
finite or countable.

Let S be a countable set, and let T be a set. Suppose that there is a surjection
f:5 = T. Prove that T is either finite or countable.

Let {S,,} be an infinite collection of countable sets, where n € Z,. Prove that
the union U;~; S, is a countable set.

Prove that the Cartesian product Z, x Z, is a countable set by writing down
an explicit bijection from Z, to Z, x Z,.

Let S be a countable set, and let T' be a finite subset of S. Prove that S~ T
is countable.

Let S be an uncountable set, and let T" be a countable set. Prove that S~ T
is uncountable.

Let S be a set that contains an uncountable subset. Prove that S is uncount-
able.

Let S be a set, and let T be an uncountable set. Prove that SuT is uncountable.
Let S be a set, and let T be an uncountable set. Suppose that there is a
surjection f:S — T. Prove that S is uncountable.

(a) Prove that the set R of real numbers is uncountable.

(b) Prove that the set I of irrational numbers is uncountable.

Let f:S — T be a bijection in which S is uncountable. Prove that T is
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uncountable.

Let a and b be real numbers with a < b.

(a) Write down an explicit bijection f:(0,1) — (a,b).
(b) Prove that the interval (a,b) is an uncountable set.

Let a and b be real numbers with a < b.

(a) Prove that there exist countably many rational numbers in (a,b).
(b) Prove that there exist uncountably many irrational numbers in (a,b).

Additional Exercises

Let f:S — T be an injection with inverse function f~': Ran(f) - Dom(f) = S.
For any subset A of Ran(f), there seem to be two meanings of the symbol
F7H(A): (i) the inverse image of A under f, or (ii) the image of A under f'.
Convince yourself that these two interpretations give rise to the same subset
of S.

Let S, = {n—1,n} for positive integers n. Prove that U;>; S, = N.

Consider the subset Q(v/2) = {a + b2 : a,beQ} of R. Prove that Q(v/2) is
a field in which the addition and multiplication are the ones in R.

Let S be a non-empty bounded subset of R, and let a be a real number. Define
the setsa+S={a+z: z€S} and aS={ax: xeS}.

(a) Prove that a + .S and aS are both non-empty and bounded.

(b) Prove that inf(a + S) = a +inf(S) and sup(a +.5) = a + sup(.9).
(¢) If a > 0, prove that inf(aS) = ainf(S) and sup(asS) = asup(S).
(d) If a < 0, prove that inf(aS) = asup(S) and sup(aS) = ainf(S).

Let {I,,} be an infinite collection of intervals, where n =1,2,.... Suppose that
the intersection I = N2, I; contains at least two distinct real numbers. Prove
that I is an interval.

Let S4,...,5, be countable sets for some positive integer n. Prove that the
Cartesian product Sy x --- x S, is a countable set.

Let S be an uncountable set. Prove that there is a proper subset T' of S such
that there is a bijection from S to T'.

Let S be an uncountable set, and let T" be a countable set. Prove that there
is a bijection from S to SuT.

Let S be the set of functions from Z, to the set {0,1} with two elements.
Prove that S is uncountable.

Let S and T be two sets. Their symmetric difference is defined as the set

SAaT={x:zeSorzeT andx¢SnT}.

(a) Prove that SAT =(S~\T)u (T~ S).
(b) Prove that S =(SAT)u(SnT), where the union is disjoint.
(¢) Prove that SN(TAU)=(SnT) A (SnU).
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(d) Prove that (SuT)A(UuV)c(SAaU)u(T AV). Does equality hold in
general?

In this exercise we construct a bijection f:(0,1] - (0,1). For each positive

integer n, consider the function defined as f,(z) = 2% — x whose domain is

the interval (5, 37— ]. Define f:(0,1] - (0,1) by setting f(z) = fn(z) when

T € (2%, 2%1]

(a) Sketch the graphs of fi, fa, f3, and fy.

(b) Prove that f,, is a bijection from its domain to the interval [

(¢) Conclude that f is a bijection.

1 1
on s gn-1 )

By adapting the ideas of the previous exercise or otherwise, construct a bijec-
tion between (0,1) and [0,1).

Prove that there exist pairwise-disjoint intervals I,,, where n =1,2,3,..., such
that the closed interval [0,1] is the union U5, I,,. Here pairwise-disjoint
means I; N I; = @ whenever i # j.

A subset S of R is said to be open if for every element x € S, there exists € > 0
such that the open interval (z —¢,x +¢€) is a subset of S. Say that S is closed
if R\ S is open.

(a) Prove that @ and R are both open and closed.
(b) Exhibit a subset S of R that is neither open nor closed.

Let a and b be real numbers with a < b.

(a) Prove that the intervals (a,b), (a,o0), and (—o0,a) are open.
(b) Prove that the intervals [a,b], [a,00), and (—oc0,a] are closed.

Let S1,.55,... be subsets of R.

(a) Suppose that each S, is open. Prove that the union U;j2; S; is also open.
(b) Suppose that each S, is closed. Prove that the intersection N2, .S; is also
closed.

Let S1,.55,... be open subsets of R.

(a) Prove that the finite intersection S n---n S, is open.
(b) Is it necessarily true that the intersection N2, S; is open?

Let S1,S55,... be closed subsets of R.

(a) Prove that the finite union S; U---U S, is closed.
(b) Is it necessarily true that the union U;2; S; is closed?

Let S be a set. Prove that there is an injection from S to P(S). Recall that
the power set P(.5) of a set S is the set whose elements are the subsets of S.
Let S and T be two sets.

(a) Suppose that there is a bijection f:S — T. Prove that there is a bijection
from P(S) to P(T).
(b) If P(S) =P(T), is it true that S =T7
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(21) Let S be a set. Prove that there is no surjection from S to P(.59).

(22) Prove that P(Z,) is uncountable.

(23) For aset S, let Py (S) be the set of subsets of S with exactly k elements, where
k is an arbitrary positive integer.

(a) Prove that there is a bijection from S to P (S).
(b) If S has exactly n elements for some positive integer n, prove that Pg(S5),
where k <n, has (Z) elements.

(24) Let k be a positive integer.

(a) Prove that Px(Z,) is countable.
(b) Prove that the set of all finite subsets of Z, is countable.

(25) For each positive integer n, let I, = [an,b,] be a bounded closed interval.
Suppose that I,,,1 € I,, for each n > 1.

(a) Prove that the set A = {a,, : n > 1} is bounded above.

(b) Prove that the set B = {b,, : n > 1} is bounded below.

(¢) Let a =sup(A) and 8 = inf(B). Prove that o < 8 and that both a and 3
lie in N2y In.

(d) Prove that [«,8] = Ny2y In. If @ = B, then [a, 8] means the set {a}.
In particular, the intersection N, I, is non-empty. This is called the
Nested Interval Property.
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Chapter 2

Sequences

In this chapter we discuss sequences of real numbers, which the reader should have
encountered briefly in calculus. Given a sequence, the main question is whether
it converges to a limit or not. A related question concerns the convergence of
subsequences. The concepts of limits and convergence will occur many more times
later in this book.

In section 2.1 the concept of a convergent sequence is introduced. In section 2.2
some basic properties of limits are discussed, including preservation of arithmetic
operations and certain types of inequalities. A basic but very important result, the
Monotone Convergence Theorem, is proved.

Section 2.3 is about the Bolzano-Weierstrass Theorem, which guarantees the
existence of a convergent subsequence of a bounded sequence. Using this result, we
give another characterization of a convergent sequence as a Cauchy sequence. With
the concept of Cauchy sequences, one can establish the convergence of a sequence
without first knowing what its limit is. Similar Cauchy criteria for convergence will
occur again later in this book.

In section 2.4 we discuss limit superior and limit inferior. These concepts provide
more information about the possible limits of subsequences of a given sequence.
They will also be used in the next chapter when we discuss series.

2.1 Sequences of Real Numbers

2.1.1 Definition of a Sequence

A sequence is a list of real numbers. We will define a sequence formally below.
Before that let us consider a few examples.

Example 2.1.

(1) The sequence

has a, = % as its nth term.

29
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(2) The sequence
{-1,1,-1,1,...}
has a,, = (-1)™ as its nth term.
(3) The sequence
{a,a®,a% a*, ..}
has a, = a™ as its nth term, where a is some fixed real number.
(4) For a > 0 the sequence
{a,a%,a%,a%,...}

. 1
has as its nth term a,, = a~.

(5) The sequence
{(1+1)1,(1+;)2,(“;)3,...}

has as its nth term a, = (1+ £)".
(6) The Fibonacci sequence

{1,1,2,3,5,8,13,21,34, ...}
is defined recursively as
ai=az=1 and a,=ap-1+a,—2 for n>3.
The nth term in the Fibonacci sequence is called the nth Fibonacci number.
In other words, for n > 3 the nth Fibonacci number is the sum of the previous
two Fibonacci numbers.

(7) For a real number r, there is a sequence {s,} whose nth term is the sum

2

Sp=l4+r+re+- 4"

This sequence is usually called a geometric series.

In the first example {%}, if n is large, then its reciprocal TIL is close to 0. The
larger n gets, the closer % is to 0. Intuitively this tells us that the sequence {%}
converges to 0. The only problem is that we do not yet have a rigorous definition
of convergence. This will be given in a short while.

Definition 2.1. A sequence is a function from the set Z, of positive integers to
R.

If f:Z, — R is such a function, we will usually write f(n) as a,, and call the list

{a,} ={a1,as,...}
a sequence. Since [ and {a,} determine each other, these two ways of representing
a sequence are equivalent.
Occasionally, we may have a sequence starting with some ay, instead of a;. For
example, if a,, = (n — 1)~ then we cannot take n = 1. In such cases, we write

{an};o:k or {an}nzk

for the sequence {ag, Gr+1, Ags2,---}-
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2.1.2 Convergent Sequences

For a sequence {a,} to converge to some real number L, what it should mean is
this: The sequence {a, } can get as close to L as one wants, as long as one is allowed
to discard a few terms in {a,}. Closeness here means distance from L. So if € > 0
is some small positive real number, being close to L means being an element in the
interval (L —¢, L + ¢€). In other words, given any e > 0, all but a finite number of
terms a,, should lie in (L —¢€, L +¢€).

In formal mathematical language, this is phrased as follows.

Definition 2.2. Let {a,} be a sequence, and let L be a real number. We say that
the sequence {a,} converges to L if for every e > 0, there exists a positive integer
N such that

n>N implies |a, - L|<e. (2.1)

In this case, we say that L is the limit of the sequence and that {a, } is convergent.
If {a,} converges to L, we will also write

lima, =L, lima,=L, or a,—L,
n—oo

and vice versa. A sequence that is not convergent is called divergent.

Observe that in Definition 2.2, first € > 0 is given, and then N is chosen to make
(2.1) true. The condition (2.1) means that

|CLN—L|<6, |aN+1—L|<e, |(1N_*_2—L|<€7

and so forth. In other words, the a,, are within € of L for all n sufficiently large.

Here is the negation of convergence: A sequence {a,} does not converge to L if
and only if there exists ¢y > 0 such that, for every positive integer NV, there exists
an integer

n>N such that |a, - L| > €.
Observe that this n is dependent on N.

Example 2.2. As discussed above, it should be the case that % — 0. To prove this,
let € >0 be given. We want to make the inequality

1
|2 -0
n

<€

true for all n sufficiently large. By Corollary 1.2 there exists a positive integer
N > % Then for any integer n > N, we have

1

1 1
——0[=—< —<e.
‘n ‘ n N ¢

This shows that {2} converges to 0.
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Example 2.3. The sequence {(-1)"} = {-1,1,-1,1,...} should not converge to
any real number L, since it keeps alternating between 1 and —1. To prove that it is
divergent, let L be any real number, and we show that {(-1)"} does not converge
to L. Consider ¢y = % For any positive integer IV, either

1 1
1-L|>= or |-1-L|>-=.
2 2

In fact, if neither one of these inequalities is true, then by the Triangle Inequality
(Theorem 1.1),

2= 1 ()| =|(1- 1) + (L= ()| <[ - L +[L - (-D)] < 5+ 5 =1,

which is absurd. Therefore, the sequence {(-1)"} is divergent.

Example 2.4. For 0 < a < 1 consider the sequence with a,, = a. With the example
a = %7 one can guess that an - 1. To prove this, consider b, > 0 defined by the
equality

which is possible because 0 < aw < 1. We need an estimate of |1- an |. Observe that

|
1+b,

1
1+b,

1
‘l—aﬁ

:’1—

< by,

since 1+b,, > 1. Thus, it suffices to get an estimate for b,,. Rearranging its definition,
we have

1=1"=a(1+0b,)" > a(l +nby,)

by Bernoulli’s Inequality (Theorem 1.5). Since both a and b,, are positive, we can
rearrange the above inequality to obtain

Suppose that € > 0 is given. We want to show that |1 - avlT| < € for all n sufficiently
large. By Corollary 1.2 there exists a positive integer IV such that

1-
N > a.
ae
Then for n > N, we have
l-a 1-a
‘l—a% <b, < < <E€.
an a

This shows that a® — 1 when 0 <a < 1.
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Example 2.5. For |a| < 1 consider the sequence {a"}. If a = 0, then a™ = 0 for
every n, and we have a” — 0. If a # 0, observe that

la| > |a* > |a® > .

With the example a = 3, it is not hard to guess that the sequence {a"} should

converge to 0. To prove this, let € > 0 be given. We can write

- 1
al=—
1+b
for some b > 0. We estimate |a™ - 0| = |a|™ as follows:
1 1 1

n_ —_— —
" =0l = T < Tom < b

where the first inequality uses the Bernoulli’s Inequality (Theorem 1.5). By Corol-
lary 1.2 there exists a positive integer N > i. Then for n > N we have

1
la” - 0] < — < —<e.
n

This shows that a™ — 0 for |a| < 1.

2.1.3 Divergent Sequences

In Example 2.5, suppose that we consider the sequence {a"} with a > 1 instead. In
this case, we have 0 < % <1, s0 a% — 0. This means that a” is large when n is large.
In fact, a™ can be as large as one wants, provided that n is sufficiently large. We
make this precise in the following definition.

Definition 2.3. Let {a,} be a sequence.

(1) We say that {a,} diverges to oo if for every real number M, there exists a
positive integer N such that

n>N implies a, > M.
In this case, we write
lima, =oc0 or a,— o,

and vice versa.
(2) We say that {a,} diverges to —oo if for every real number M, there exists a
positive integer N such that

n>N implies a, < M.
In this case, we write
lima, = -0 or a,—> —oco,

and vice versa.
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A sequence {a,} does not diverge to oo if and only if there exists a real number
My such that for every positive integer N, there exists an integer

n >N such that a, < M,.

We leave it to the reader to formulate what it means for a sequence to not diverge
to —oo. The reader should be careful that a divergent sequence does not necessarily
diverge to oo or —oo, as the following example illustrates.

Example 2.6. We saw in Example 2.3 that the sequence {(-1)"} is divergent.
However, it does not diverge to co or —oo. In fact, pick My =1. Then

an = (~1)" < My

for all n, so {(-1)"} does not diverge to co. A similar argument shows that {(-1)"}
does not diverge to —oo.

Example 2.7. Recall the Fibonacci sequence {1,1,2,3,5,8,13,21,34,...} with
ar=as=1 and a, =ap-1+an_-2

for n > 3. It appears that {a,} diverges to oco. To prove this, let M be a real
number. We want to show that a, > M for all n sufficiently large. Looking at
the Fibonacci numbers, it should be clear that a,, > n for n > 5. We prove this by
induction, with the first case being a5 = 5. The second case is ag = 8 > 6. Suppose
that ay > k for 5 < k < n for some n > 6. Then we have

Aps1 =Gp+ap_1 2n+(n-1)>n+1.

Therefore, by induction we conclude that a,, >n for all n > 5. Thus, we can choose
N to be max{5, M + 1}. Then for n > N we have

an>n>N> M,

showing that the Fibonacci sequence diverges to oo.

2.1.4 Uniqueness of Limits

If a sequence {a,} is convergent, is it possible that there are two distinct limits?
If M and L are two limits of this sequence, then the a, are all close to L for all
n sufficiently large. But the a,, are also close to M for all n sufficiently large.
This suggests that the two limits L and M must, in fact, be equal. This is proved
precisely in the next result.

Theorem 2.1. Let {a,} be a convergent sequence. Then it has a unique limit.

Proof. Suppose that

lima, =L and lima, =M
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for some real numbers L and M. We want to show that L = M. It is enough to show
that |L — M| can be made arbitrarily small. By the Triangle Inequality (Theorem
1.1), we have

|L—M|=|(L-an)+ (an—M)|<|L-ay|+|an - M]|. (2.2)

So for an arbitrary € > 0, to ensure that |L — M| < ¢, it is enough to have the right-
hand side of (2.2) to be less than e. Since lima,, = L, there exists a positive integer
Np such that

Y €
n>Np implies |a, - L|< e
Likewise, since lima,, = M, there exists a positive integer Ny such that
o €
n> Ny implies |a, — M| < >

Thus, taking N = max{Nj, Na}, we have that n > N implies
|L—M|§|L—an|+|an—M|<%+§:e. (2.3)

Since € > 0 is arbitrary, this shows that L = M. O

The argument used in the proof of Theorem 2.1 is called an $-argument. This
type of argument and its variants will appear many more times in this book. In this
type of argument, the quantity to be estimated, |L — M| in the case above, is split
into two parts as in (2.2). An estimate of 5 is obtained for each of the two parts.
Then the results are combined as in (2.3) to get the desired estimate. Variations of
this argument (e.g., an §—argument) involve splitting the quantity to be estimated
into three or more parts.

2.1.5 FEzxercises

(1) In Definition 2.2 suppose that we replace “n > N” by “n > N” in (2.1). Show
that the resulting definition of convergence is equivalent to the original one.
(2) Prove the following statements using the definition of convergence.

(a) 2+%92.

(b) 5_nﬁeo.
(c) \/3—%»\/3.
(d) 4+ €1/3E—>4.

n

2
(e) — = 0, where n! = 1-2(n-1)-n.
n!
(3) Prove the following statements using the definition of convergence.

1-4n
() —5 -

0.
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(15)

(16)

(17)

(18)

(19)
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3-2n -2
- —.
1+5n 5
22 +7
(©) 32,1
3112 -n-1
n® -15
d) ——— > -.
(@) dn2+17 4
Prove the following statements using Definition 2.3.

(a) n?-2n-10 - oo.
(b) 3™ - oo.

n!
(c) o = 0.

(d) —ln(n) — —090.

(b)

2
- —.

3
1

Let a be a real number. Prove that the sequence with a,, = a for all n is
convergent with limit a.

Prove that (vn+1-+/n) - 0.

Let a > 1 be a real number. Prove that a= — 1.

Prove that a,, - L if and only if (a,, — L) - 0.

Prove that a,, - L if and only if -a,, > —L.

Prove that a,, - L if and only if for every e > 0, the interval (L-¢, L+¢) contains
all but a finite number of the a,,.

Prove that a,, - 0 if and only if |a,| - 0.

If a,, > L, prove that |a,| — |L|. Is the converse true?

Suppose that a, — L for some real number L > 0. Prove that there exists a
positive integer N such that n > N implies a,, > 0.

Suppose that a,, > b for each n and that a,, - L.

(a) Prove that L >b.
(b) If the hypothesis a, > b is replaced by a, > b, is it necessarily true that
L>0b?

Suppose that |an+1 — L| < |a, — L| for each integer n > 1. Does it follow that
an = L7

Consider the sequences {a,}oo; and {a,}o,, where k is some fixed positive
integer > 1. Prove that {a, }3>; converges to L if and only if {a, }2, converges
to L.

Suppose that a, —» L and b, - L (the same L).

(a) Prove that (a, - b,) = 0.
(b) Prove that (a, +b,) - 2L.

Suppose that |a,| < M for all n, where M is some positive real number. Let p
be a positive integer. Prove that %= — 0.
Suppose that a,, -~ 0 with each a,, >0 and that {b,} is a sequence that satisfies

|b, = L| < ay, for all n> N for some positive integer N.

(a) Prove that b, - L.
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(b) Suppose that the hypothesis |b, — L| < a,, is replaced by |b, — L| < cay,, for
some fixed positive real number c. Prove that b, — L.

(20) Suppose that {a,} is a convergent sequence, and let € > 0 be a real number.

(a) Prove that there exists a positive integer N such that |a, — a,41| < € for all
n>N.

(b) Prove that there exists a positive integer N such that n,m > N implies
|an — am| < €.

(21) Let {a,} be a sequence.

(a) Write down what it means for {a,} to not diverge to —oo.
(b) Give an example of a divergent sequence that does not diverge to —oo.

(22) If a,, - o0 or —oo, prove that {a,} is divergent.

(23) Suppose that each a, > 0. Prove that a,, — 0 if and only if ai — 00.
(24) Let a > 1 be a real number. Prove that a™ — oo. !

(25) Suppose that a,, > o0 and b,, - co.

(a) If ¢ >0 is a real number, prove that ca,, - oo.
(b) Prove that (a, +b,) — co.
(¢) Prove that a,b, - oo.

(26) In each case, construct sequences {a,} and {b,} with the given properties.
(a)
(b) a, — o0, by, > o0, and (a, - b,) > 17.
(¢) an — 00, by = 00, by, #0 for each n, and =
(d) an — o0, by = 00, b, #0 for each n, and $* - 17.

ap — 00, b, - oo, and (a, —b,) — .

— 00,

(27) Suppose that a,, - L and that b,, - co. Prove that (a, + b,) > .

2.2 Properties of Limits

In this section we discuss several basic but important properties of sequences, in-
cluding boundedness and the Monotone Convergence Theorem 2.3.

2.2.1 Bounded Sequences

If a sequence {a,} converges to a limit L, then all but a finite number of the a,, are
within, say, 1 of L. The other terms, say, ai,...,an_1, all lie inside a finite interval.
Thus, by enlarging this interval to include (L - 1,L + 1), it seems that the entire
sequence lies inside some finite closed interval. To make this precise, first we need
some definitions.

Definition 2.4. A sequence {a,} is said to be bounded if it is bounded as a set
(Definition 1.3).
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The discussion before the above definition suggests that a convergent sequence
is bounded. This is, indeed, the case, as we now show.

Theorem 2.2. A convergent sequence is bounded.

Proof. Let {a,} be a convergent sequence with limit L. Given € = 1, there exists
a positive integer N such that

n>N implies |a,-L|<1.
This is equivalent to a,, € (L —1,L +1). Then each a,, satisfies the inequalities
min{ay,...,an-1,L -1} < a,, <max{ay,...,an-1,L+1},
showing that the sequence {a, } is bounded. O

The converse of the above theorem is not true. In other words, a bounded
sequence is not necessarily convergent.

Example 2.8. The sequence {(-1)"} is bounded, since the set {-1,1} is bounded
above by 1 and bounded below by —1. However, this sequence is divergent (Example
2.3).

2.2.2 Monotone Sequences

The above theorem and example suggest a natural question: If boundedness itself
is not enough to guarantee convergence, is there some additional hypothesis on a
bounded sequence that can guarantee its convergence? The answer is yes, and the
relevant concepts are given in the definitions below.

Definition 2.5. Let {a,} be a sequence.
(1) The sequence {a,} is said to be increasing if
ap € apy  forall n.
It is strictly increasing if
ap < aps1 forall n.
(2) The sequence {a,} is said to be decreasing if
ap > ape1 forall n.
It is strictly decreasing if
ay > ane1  for all n.

(3) The sequence {a,} is said to be monotone if it is either increasing or de-
creasing. It is strictly monotone if it is either strictly increasing or strictly
decreasing.
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A sequence {a,} is not increasing if and only if there exists an integer
ng such that an, > ang+1-
It is not strictly increasing if there exists an integer
ng such that ap, > ang+1-
It is an exercise for the reader to formulate the negations of decreasing and strictly
decreasing.

Example 2.9.

1) The sequence {(—1)"™} is neither increasing nor decreasing.
) The sequence {2} is strictly decreasing.
) The sequence {1 - 1} is strictly increasing.
4) The sequence {1,1, %, %, %, %, ...} is decreasing but not strictly decreasing.
) The Fibonacci sequence {1,1,2,3,5,8,13,...} is increasing but not strictly in-
creasing.

The following result is an answer to the question above.

Theorem 2.3 (Monotone Convergence Theorem). Let {a,} be a monotone
sequence. Then {a,} is convergent if and only if it is bounded. In particular, a
monotone bounded sequence is convergent.

Ideas of Proof. The more precise claim and what the proof below shows is that
a bounded increasing sequence {a,} converges to sup{a, : n € Z,}. Likewise, a
bounded decreasing sequence converges to inf{a,, : ne€Z,}.

Proof. 1f {a,} is convergent, then it is bounded by Theorem 2.2. This proves the
“only if” direction.

For the other direction, suppose that {a,} is bounded. We consider the case
when {a,} is increasing, leaving the decreasing case to the reader as an exercise.
Since the non-empty set

A= {al,ag,...}
is bounded above, it has a supremum « by the Completeness Axiom (section 1.3.4).
We show that the sequence converges to « = sup(A4). So let € > 0 be given. Since

a-e<a,
« — € is not an upper bound of the set A. In other words, there exists an ay such
that

a—e<apn.
Then for n > N, we have

a—e<any <ap<a<a+te,

from which we obtain

lan — af <e.

This proves that lima,, = «. |
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The reader should be careful that the Monotone Convergence Theorem does not
assert that a convergent sequence is monotone.

Example 2.10. The sequence {(-1)" 1} {-1,1 5 %, i,...} converges to 0. How-

ever, it is neither increasing nor decreasing.

Example 2.11. Consider the sequence with a, = Y}_, % We show that it is con-
vergent using the Monotone Convergence Theorem. First, this sequence is strictly
increasing, and hence monotone, because

1

a =Qpt+t-———>0a
n+1 n (’Il+1)'

The sequence is bounded below because each a,, is positive. It remains to show that
it is bounded above. For n > 2 we have

1 1 1 1
p=1+—=+—+ =+ +—
120 3! n!
1 1 1
ST4+14+4—-+—=5++
2 22 277,71

<2+1.

This shows that 0 < a,, < 3 for each n, so the sequence is bounded and monotone.
Thus, {a,} is convergent by the Monotone Convergence Theorem.

Example 2.12. Consider the sequence with a, = Y}_; ﬁ As in the previous
example, the a,, are all positive, hence bounded below, and the sequence is strictly
increasing. To show that it is bounded above, observe that

Thus, {a,} is a bounded increasing sequence. By the Monotone Convergence The-

1 1
7 7

orem, it is convergent.

2.2.3 Arithmetics of Sequences

Next we observe that one can apply the usual arithmetic operations to convergent
sequences.

Theorem 2.4. Suppose lima,, = a and limb,, = b, and suppose c is a real number.
Then:

(1) lim(a, +b,) = a+b.
(2) limca, = ca.
(8) limayb,, = ab.

(4) If by # 0 for each n and b # 0, then lim §* = 3.
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Proof. We will prove the last part, which is the most difficult one, and leave the

first three parts as exercises. So assume that b,, # 0 for each n and b # 0. First we
show that there exists a positive real number K such that

|bn| > K for all n.
Given % > 0, since limb,, = b, there exists a positive integer IV such that

n>N implies |b, —b| < |b|
This implies that

Ibl
bl = [bn] < =7
by Exercise (3a) on page 15. This in turn is equ1valent to
b
|2—| <|bn| for n>N.
Now
K- ;min{|b1|, e Jonal, 'g}
satisfies |b,| > K for all n
To show that lim ‘;—" = £, we need to estimate
an a| _lapb—aby| _an(b=by) +by(an —a)l
b bl Db ol -
< by b1+ Lia, -l
= Joullo 1ol

that

where the last step follows from the Triangle Inequality (Theorem 1.1). Given € >0
we will use an §-argument. Since lima,, = a, there exists a positive integer N7 such

b
n>N; implies |a, —al< %
Moreover, since {a,} is convergent, it is bounded. So there exists a real number
M > 0 such that |a,| < M for all n. This implies that

|ay| M

< R

[bnl[b] — K[b]
for all n.

Now, since limb,, = b, there exists a positive integer Ny such that

N eKlb
n> Ny implies |b-b,|< ]\|/[|
Thus, for n > N = max{Ny, Na}, it follows from (2.4) that
a, a

|an|  eK1b)

€|b| M  eKl|b| €

+ - — < — - + — =
bn [ballt] 20 Ibl 2 K| 2M 2
This shows that lim % = %
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The above theorem is very useful in computing limits, as illustrated in the
following examples.

Example 2.13.

(1) For any positive integer p, the sequence with a,, = ni converges to 0 because

% — 0 (Example 2.2) and a,, = (%)p.
(2) Consider the sequence with

m?+7
=g _p_1
Since = - 0 and -5 - 0, we have
2 +7 2+ 5 240 2
an = T

32 -m-1 3-L-L 3-0-0 3
(3) Similarly, the sequence with

B 1-4n + 3n?

[07% 3

n
satisfies

1-4 2
_lzdnadnt 14 s 0_0+3-3.
n2 n? n

an
(4) Let a be a real number with 0 < a < 1. Then the sequence with
an = -2a" +5a"
converges to -2 because a» — 1 (Example 2.4) and a” — 0 (Example 2.5).

The next result says that, if a sequence {¢,} is bounded term-wise between two
sequences, both of which converge to the same limit, then so does {c, }.

Theorem 2.5 (Squeeze Theorem). Suppose that
n <€y <by, forall n and lima,=L=1imb,
for some real number L. Then limc, = L.

Proof. This is an £-argument. We need to estimate
|Cn - L| = |(Cn - an) + (an - L)‘ < |Cn - an| + |an - L|,

where the last inequality uses the Triangle Inequality (Theorem 1.1). So we need
to estimate the last two terms above. From the given inequalities we have

0<cp—an <b, —an.
Let € > 0 be given. Since lima,, = L there exists a positive integer N7 such that

n>N; implies |a, - L|< %
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Likewise, there exists a positive integer Ny such that
€
n> Ny implies |b, — L| < 3

Thus, for n > N = max{Ny, Na}, we have

€ € 2e
|Cn—an|S|bn—an|£|bn—L|+|L—an| < §+§ = 3
So for n > N = max{ Ny, N2}, we have
2¢ €
len = L] < |en = an] +an — L| < 3*t3°¢
This shows that lime,, = L. O
Example 2.14. The sequence with a, = <= satisfies
1 1
-——<ap<—
n n

because -1 < cosx < 1 for every real number z. Since both % - 0 and —% -0, we
conclude that a,, = 0 as well.

2.2.4 FEzxercises

(1) Let {a,} be a sequence.

(a) Write down what it means for {a,} to not be decreasing.
(b) Write down what it means for {a,} to not be strictly decreasing.

(2) Finish the proof of Theorem 2.4 by proving the first three parts.
(3) Prove Theorem 2.3 when {a,} is a bounded decreasing sequence.
(4) Prove that the following sequences converge to 0.

(a) an="2.

(b) an = (-1)" gri5-

(¢) ap=vVn+17-+/n-5.

(5) Let {a,} be a monotone sequence.

(a) If {a,} is not bounded above, prove that a, — oc.
(b) If {a,} is not bounded below, prove that a,, > —oo.

(6) Let {a,} be a bounded sequence. If b,, - 0, prove that a,b, - 0.
(7) Suppose that a,, > L and b,, > M.

(a) If ay, < by, for each n, prove that L < M.

(b) Given an example in which a,, < b, for each n and L = M.
(8) Suppose that a < ¢, <b for each n and that ¢, - L. Prove that a < L <b.
(9) Let {a,} be a sequence with a,, >0 for each n. Suppose that a, - L.

(a) Prove that \/a, - /L.
(b) Prove that ¢/a, - VL.
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(10) Let a3 =1 and apn+1 =+/1+ay, for n > 1.

(a) Prove that a, <2 for all n.
(b) Prove that the sequence {a,} is increasing. Conclude that {a,} is a con-
vergent sequence.

(11) Let {a,} and {b,} be convergent sequences.

(a) Prove that {|a, + b,|} is convergent and that
lim |a,, + by,| < lim|a,| + lim |by,|.

(b) Give an example in which the inequality in the previous part is strict.
(¢) Prove that {|a,b,|} is convergent and that

lim |a,b,| = (lim |a,|) (lim|b,]) .
(12) Let a >0 be a real number.

a I <r< 1, pr()Ve tllat ar — U.
0 n O
l) I > ]., pl“()ve t}lat ar — 00.
( ) "

(13) Consider the sequence with a,, = nx.

(a) Let b, =nw — 1. Using Theorem 1.7 prove that

1
n=_(1+b,)" > §n(n -1)b?

n-

(b) Use the previous part to show that b, — 0.
(¢) Conclude that nw — 1.

(14) Prove that (n+2)% — 1.
(15) Let a be a real number with 0 < |a| < 1.

(a) Define r by |a| = 7. Prove that

2

nla|® <« ——M——
o (n-1)r2

for every integer n > 2.
(b) Prove that n|a|™ — 0.

(16) Let {I,,} be a sequence of closed and bounded intervals such that I, 2 I,,; for
each n. Use the Monotone Convergence Theorem 2.3 to prove that N, I, is
non-empty. This is called the Nested Interval Property.

2.3 The Bolzano-Weierstrass Theorem

The first purpose of this section is to discuss subsequences. The main result is the
Bolzano-Weierstrass Theorem 2.8, which asserts that every bounded sequence has
a convergent subsequence. This theorem is then used to prove a very useful result
due to Cauchy, which gives a necessary and sufficient criterion for convergence.
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2.3.1 Subsequences

Consider the sequence {a,} ={1,1,2,3,3,%,..
to +oo. However, if you only pick the first entry and every other entry after that,
then the resulting sequence {1,2,3,...} diverges to co. On the other hand, if you
5 37. .} converges
to 0. This suggests that something interesting can happen if you only pick certain
entries in a sequence.

.}. Tt neither converges nor diverges

only consider the other entries, then the resulting sequence {1, 1

Definition 2.6. Let {a,} be a sequence. A subsequence of {a,} is a sequence
{an, } in which
1<ny and ng <ngs

for all k> 1.

In other words, a subsequence {a,, } is obtained from {a,} by taking only the
terms @n,,Gn,, €tc., in this order. Note that the indices nj have to be strictly
increasing, that is, n; <ng <ng <---.

Example 2.15.

(1) Given any sequence {a,}, {a,} is itself a subsequence, as are {a1,as,as,...}
and {as,ag,ag,...}.
(2) The sequence {(-1)"} has {1,1,1,...} and {-1,-1,-1,...} as two subse-
quences.
1q1

(3) For the sequence {1, 1,2 50355, {2, 1, ;, :1,)73 .} is not a subsequence.

If a sequence {a, } converges to a limit L, then eventually all the a,, are close to
L. So if {an,} is a subsequence, then the a,, are all eventually close to L as well.
This is made precise in the following result.

Theorem 2.6. Suppose {a,} converges to L. Then every subsequence {an,} also
converges to L.

Proof. Given € > 0 there exists a positive integer N such that
n>N implies |a,-L|<e.

Since the indexes ny are strictly increasing, we can choose an index nx > N. Then
for k > K, we have

ng2ng 2N and |a,, —L|<e

This proves that lima,, = L. O

Corollary 2.1. If {a,} has two convergent subsequences with distinct limits, then
{an} is divergent.

Proof. Indeed, if {a,} is convergent, then by Theorem 2.6 every subsequence
converges to the same limit, contradicting the hypothesis. O
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Example 2.16. The sequence
1 11 11 1
{an}:{7a1_77771_7a771_77"'}
1 1°2 2°3 3

has a subsequence {1, %, %,...}, which converges to 0. But it also has another

subsequence {1 -1,1- %, 1- %, ...}, which converges to 1. Thus the sequence {a, }

is divergent by Corollary 2.1.

2.3.2 Monotone Subsequences

Most sequences are not monotone. It may come as a surprise that every sequence
has a monotone subsequence. To prove this result, we need the following concept.

Definition 2.7. Give a sequence {a,}, a peak is an entry a, such that

ay, >a, forall k>n.

In other words, a peak is an entry that is also an upper bound for all the entries
after it.

Theorem 2.7. Let {a,} be a sequence. Then it has a monotone subsequence.

Proof. There are two cases. First suppose that the sequence {a,} has infinitely
many peaks. If

Apy s gy e - -

are the peaks with ny <ng <+, then the subsequence {a,, } consisting of the peaks
is decreasing, and hence monotone.
On the other hand, suppose that {a, } has only finitely many peaks, say,

Gy s s Q-
Pick an integer ny > my. Since a,, is not a peak, there exists an integer
ng >ny such that ay, < ap,.
Since ng > ny > my, ay, is not a peak, so there exists an integer
ng >ng such that ap, <an,.
Continuing this way, we obtain an increasing subsequence {ay, }. O

We obtain the Bolzano-Weierstrass Theorem by combining the above theorem
with the Monotone Convergence Theorem.

Theorem 2.8 (The Bolzano-Weierstrass Theorem). Every bounded sequence
has a convergent subsequence.
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Proof. Let {a,} be a bounded sequence. So there exists a positive real number
M  such that |a,|<M forall n.
By Theorem 2.7 it has a monotone subsequence {a,, }. Since

lan, | < M
for all ng, this subsequence is also bounded. This monotone bounded sequence
{an, } is convergent by the Monotone Convergence Theorem 2.3. ]

The reader should be careful that an unbounded sequence can have a convergent
subsequence as well.

Example 2.17. The sequence {a, } = {1, 2, %, % .} is not bounded, but it has

Zreete

(=

a convergent subsequence, namely, {1, 5

2.3.3 Cauchy Sequences

Recall that the Monotone Convergence Theorem 2.3 tells us that a monotone
bounded sequence {a,} is convergent. In particular, when using this Theorem
to establish convergence, we do not need to know in advance what the limit is. We
just need to establish that the sequence is bounded and monotone. But what if you
have a sequence that is not monotone? Is there a way to tell whether a sequence is
convergent without knowing in advance what its limit might be? There is, indeed,
such a criterion, which we now discuss.

Definition 2.8. A sequence {a,} is called a Cauchy sequence if for every e > 0,
there exists a positive integer N such that

n,m>N implies |a, - an|<e.

A sequence {a,} is not a Cauchy sequence if and only if there exists €y > 0 such
that for every positive integer NV, there exist integers

n,m>N such that |a, —an|> €.

Notice the similarity between this definition and Definition 2.2 for a convergent
sequence. However, the above definition does not involve a limit. Roughly speaking,
a Cauchy sequence is a sequence whose terms are eventually all close to each other.
We are going to show that a sequence is convergent if and only if it is a Cauchy
sequence. One direction is in the following result.

Theorem 2.9. If {a,} is a convergent sequence, then it is a Cauchy sequence.

Proof. This is an §-argument. Let L be the limit of the sequence. Given € > 0
there exists a positive integer N such that
L €
n>N implies |a,-L|< 7
Thus, for integers n,m > N, we have
€
|an = am| = [(an = L) + (L = am)| < |an = L[+ |L - ap| < 5‘** =€

Therefore, {a,} is a Cauchy sequence. O
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To show that Cauchy sequences are convergent, we need to work a little harder.
The following observation will be needed.

Lemma 2.1. Every Cauchy sequence is bounded.

Proof. Let {a,} be a Cauchy sequence. Given € = 1 there exists a positive integer
N such that

n,m >N implies |a, —an,|<1.
In particular, for integers m > N, we have
lam| = lan| < |lan — am] < 1.
So
lam| < lany]+1 for all m >N,
which implies
lan| < M = max{|a1],...,|lan-1],]an]| + 1}
for all n. Thus, {a,} is a bounded sequence. O

Using this lemma we can now show that Cauchy sequences are convergent.

Theorem 2.10 (Cauchy Convergence Criterion). Let {a,} be a Cauchy se-
quence. Then it is a convergent sequence. Therefore, a sequence is convergent if
and only if it is a Cauchy sequence.

Proof. This is again an §-argument. By Lemma 2.1 {a,} is bounded, so the
Bolzano-Weierstrass Theorem 2.8 implies that it has a convergent subsequence
{an,}. Let L be the limit of this subsequence. We will show that lima, = L.
Given € > 0, since lima,, = L, there exists a positive integer nx such that

€

7

Since {a,} is a Cauchy sequence, there exists a positive integer N > ng such that

ng > ngx implies |a,, — L| <

. €
n,m>N 1implies |a, —am|< 3

For integers m > N, we have
Nm >N >ng.
This implies that
@ = L = (@ = an,.) + (an,, = D] € am = an,,| +|an, - L] <5 + 5 =c.

This shows that the sequence {a,} converges to L. O
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We illustrate how the Cauchy Convergence Criterion can be used in the following
examples.

Example 2.18. Consider the sequence with
1 1 1
p=1-=4= -+ (-1)" =,
2 3 n

We want to show that this sequence is convergent by showing that it is a Cauchy
sequence, so we need to estimate |a, — a,,|. If m > n, then

1 1 1
m — An| = _]. n + —]_ n+17 4+ - 4 _1 m-1 ‘
|a “ | ‘( ) n+1 ( ) n+2 (-1) m

1 B 1 B 1 ~ 1 B 1 B
n+1 n+2 n+3 n+4 n+5h

positive positive

1
T+l
Given € > 0 we can choose a positive integer N > % — 1. Then for integers n,m > N

we have

1 } 1
) < <e.
n+l m+1 N +1
This shows that {a,} is a Cauchy sequence. By Theorem 2.10 the sequence {a,,}
is convergent.

|@m — an| < max{

Example 2.19. Consider the sequence with
1 1 1
an:1+?+3—2+---+ﬁ.
As in the previous example, we want to show that this is a Cauchy sequence. For
m >n we have

1 + 1 +o 1
Ay, — Ay = ee -
(n+1)2 (n+2)2 m2
1 1 1

Satn+)  meDm+2) T m-Dm

Go) G s) )
=|-- + — o — — —
n n+l n+l n+2 m-1 m

1 1 1

n o m n
Given € > 0 choose a positive integer N > % Then for n,m > N we have

| P {1 1}<1<
an —a maxi{—, — ;< — <€
" m n'm N

Thus, {a,} is a Cauchy sequence, hence convergent by Theorem 2.10.

In Example 2.19, in the third line of the calculation we introduced a sum in which
pairs of consecutive terms cancel out, leaving only the first and the last terms. This
is sometimes referred to as a telescoping sum, and the method of proof is called
a telescoping argument.
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2.3.4 Ezercises

(1)
(2)
3)

(13)
(14)

(15)

Suppose that a,, - co. Prove that every subsequence of {a,} also diverges to
oo. Then prove the statement with —oo instead of oc.

Let {a,} and {b,} be two Cauchy sequences. Prove directly from the definition
that {a, +b,} and {a,b,} are Cauchy sequences.

Prove directly from the definition that the following sequences are Cauchy se-
quences.

(a) ap = ﬁ

(b) an = 572:—L7'

(¢) an =371,

Give an example of a divergent sequence {a,} such that lim(a,+1 —a,) = 0.
Let {a,} be a Cauchy sequence such that each a, is an integer. Prove that
there exists a positive integer N such that {a,, }msn is a constant sequence.
Let {a,} be a divergent sequence, and let L be a real number. Prove that there
exist a positive real number ¢y and a subsequence {a,, } such that |a,, — L| > €
for all ng.

Let {a,} be a bounded sequence, and let L be a real number. Suppose that
every convergent subsequence of {a,} converges to L. Prove that a,, — L.

Let {a,} be a Cauchy sequence. Suppose that for every € > 0, there exists an
integer n > L such that |a,| < e. Prove that a, — 0.

Consider the sequence with

Prove directly from the definition that {a, } is a Cauchy sequence.
Consider the sequence with

1 1 1
Ap=1+—-+—-+-+—.
2 3 n

Prove that {a,} is not a Cauchy sequence, so {a,} is divergent.

Give an example of a divergent sequence {a,} such that lim(an+n —a,) =0 for
every positive integer V.

Let a; =1, as =2, and a,, = %(an_l +ap_2) for n > 3.

(a) For n > 2 prove that a,.1 —ay = (—%)n_l.

(b) Prove that {a,} is a Cauchy sequence, hence a convergent sequence.

Let a1 and as be two distinct real numbers. Define a,, = %(an_l + p_o) for
n > 3. Prove that {a,} is a Cauchy sequence.

Let {a,} be a sequence. Suppose that there exists a real number r with 0 <7 < 1
such that |a,.+1 — an| < 7™ for all n. Prove that {a,} is a Cauchy sequence.

Let {a,} be a sequence and C be a real number such that 0 < C' < 1. Sup-
pose that |an41 — an| € Clay, — ap—1| for all n > 2. Such a sequence is called a
contractive sequence.
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(a) Prove that {a,} is a Cauchy sequence, hence a convergent sequence.
(b) Is {a,} necessarily a Cauchy sequence if C =17

(16) Let {a,} be a bounded sequence with « = inf{a,} and 8 = sup{a,}.

(a) If a # a, for any n, prove that there exists a decreasing subsequence of
{a,} that converges to a.

(b) If 8 # a, for any n, prove that there exists an increasing subsequence of
{a,} that converges to .

(17) In each case, construct a sequence {a,} with the given properties.

(a) There exist subsequences converging to 1, 2, and 3.

(b) For every positive integer M, there exists a subsequence converging to M.

(c) There exist subsequences converging to 0 and diverging to oo and —oo.

(d) There exist subsequences diverging to oo and —oo, and for every positive
integer M, there exists a subsequence converging to M.

(18) Let {an} be a bounded sequence. For each n define b, = sup{ax : k> n}.

(a) Prove that {b,} is a bounded decreasing sequence. In particular, {b,}
converges to L = inf{b, } by the Monotone Convergence Theorem 2.3.
(b) Prove that there exists a subsequence of {a,} that converges to L.

2.4 Limit Superior and Limit Inferior

Theorem 2.6 tells us that, for a convergent sequence, every subsequence has to
converge to the same limit. On the other hand, in Example 2.16 we saw that it
is possible for a divergent sequence to have convergent subsequences with different
limits. A natural question arises. Given a sequence, what can be said about the
limits of its convergent subsequences? The purpose of this section is to study this
question.

2.4.1 Subsequential Limits

First we need some definitions.

Definition 2.9. By an extended real number we mean either a real number or
one of the symbols co and —co. The set of extended real numbers is denoted by
Ru{+o0}.

The usual order of the real numbers naturally extends to the extended real
numbers by defining

—co<a<oo forall aelR.

Example 2.20. For a monotone sequence {a,}, the symbol lima,, always makes
sense as an extended real number. In fact, if {a,} is bounded, then it is a monotone
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bounded sequence, which is convergent by the Monotone Convergence Theorem 2.3.
If, on the other hand, {a,} is not bounded, then either

lima, =c0 or lima,=-c

by Exercise (5) on page 43. This discussion still makes sense if the a,, themselves
are extended real numbers. For example, if {a,} is increasing and a,, = oo for some
m, then ap = oo for all k >m and lima,, = co.

Definition 2.10. Let {a,} be a sequence. By a subsequential limit of {a,} we
mean an extended real number L such that there exists a subsequence {a,, } with
lima,, = L.

Example 2.21.

(1) If {ap} = L, where L e Ru{+oo}, then the same is true for every subsequence
(Theorem 2.6 and Exercise (1) on page 50). So in this case L is the only
subsequential limit of {a,}.

(2) The sequence with a, = (-1)™ has a subsequence {1,1,1,...} with limit 1 and
another subsequence {-1,-1,-1,...} with limit —1. Using Exercise (5) on page
50, one can see that +1 are the only subsequential limits of {a,}.

(3) Consider the sequence

{an} ={1,1,2,1,2,3,1,2,3,4,...}.

For each positive integer m, there exists a subsequence whose entries are all
equal to m. So m is a subsequential limit of {a,}. Moreover, there is a
subsequence {1,2,3,4,5, ...} diverging to co. By Exercise (5) on page 50 again,
these are the only subsequential limits. So the set of subsequential limits of
{an} is exactly Z, U {oo}.

Theorem 2.11. Every sequence has at least one subsequential limit.

Proof. Given any sequence {a,}, it has a monotone subsequence {a,, } by The-
orem 2.7. Then lima,, exists as an extended real number (Example 2.20). g

2.4.2 Size of Subsequential Limits

Theorem 2.11 tells us that it always makes sense to talk about subsequential limits,
whether the sequence itself is convergent or not. We now want to discuss how large
or how small the subsequential limits of a sequence can get. First we need some
definitions.

Definition 2.11. Let {a,} be a sequence. For each n define the extended real
numbers

sp=sup{ar : k>n} and i, =inf{ay : k>n}.
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The limit superior of {a,} is defined as the extended real number
limsupa, = lim s,.

The limit inferior of {a,} is defined as the extended real number
liminf a,, = lim3i,,.

If the set {ar : k> n} is not bounded above, then we take s, = co. Likewise, if
the set {ay : k > n} is not bounded below, then we take i,, = —oo. The sequence {s, }
of extended real numbers is decreasing because the supremum of a smaller set is
smaller or stays the same. Similarly, the sequence {i,} is increasing. Therefore, by
Example 2.20, lim sup a,, and lim inf a,, always make sense as extended real numbers.

By a sequence we still mean a sequence of real numbers. We will state it explicitly
if we consider monotone sequences of extended real numbers.

Example 2.22.

(1) For the sequence with a,, = (-1)", we have s,, = 1 and 4,, = —1 for every n. Thus,
we have

limsupa, =lims, =1 and liminfa, =limi, = -1.
(2) For the sequence
{an}=4{1,1,2,1,2,3,1,2,3,4,...}

considered in Example 2.21 above, we have s, = sup{ax : k > n} = oo and
in =inf{ag : k2n}=1. Thus, we have

limsupa, =oc0 and liminfa, =1.
Notice that, in this case, liminf a,, < L < limsup a,, for every subsequential limit
L of {a,}.
In each case of the example above, observe the following:

(1) There exist a subsequence of {a,} converging to limsupa, and a subsequence
of {a,} converging to liminf a,. In other words, both limsupa,, and liminf a,,
are subsequential limits of {a,}.

(2) Every subsequential limit L of {a,} satisfies liminfa, < L < limsupa,. So
limsupa,, and liminf a,, are, respectively, the largest and the smallest possible
subsequential limits of {a,}.

We now show that these statements about limit superior and limit inferior are,
in fact, true for all sequences of real numbers.

Theorem 2.12. Let {a,} be a sequence, and let L be a subsequential limit of {a,}.
Then

liminfa, < L <limsupa,.
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Proof. Suppose that {a,, } is a subsequence of {a,} such that lima,, = L. We
first want to show that

L <limsupa, = s.

Since lim s,, = s, the same is true for any subsequence of {s,}. In particular, we

have lim s, =s. Since
Qp,, < Sp, forall Kk,

the inequality is preserved after taking the limits, i.e., L < s. A similar argument
proves the other inequality,

liminfa, < L.

We leave the details of this case to the reader as an exercise. O

2.4.3 Limit Superior and Limit Inferior are Subsequential Limats

Theorem 2.13. Let {a,} be a sequence. Then there exist subsequences {an, } and
{an,} such that

lima,, =limsupa, and lima,, =liminfa,.
Ideas of Proof. When limsupa,, is a real number, the plan is to choose a subse-

quence of {a,} such that a,, is close to a suitable s,,. The Squeeze Theorem will
then be applied.

Proof. We will prove the case about limit superior and leave the other case as
an exercise for the reader. First consider the case when
limsup a, = lims,, = co.

We want to construct a subsequence {a,, } of {a,} that diverges to co. Since the
sequence of extended real numbers {s,} is decreasing, it follows that s, = oo for
all n. In particular, the set {ax : k > 1} is not bounded above, so it is possible to
choose an a,, > 1. Next choose an a,, > 2 with ny > ny, which is possible because
the set {ax : k> ny} is also not bounded above. Continuing this way, we obtain a
subsequence with a,, >k for each positive integer k. Thus, we have
lima,, = oo =limsupa,.
Next consider the case when
limsupa, = —oo.
We know that a,, < s, for each n. Given any real number M, there exists a positive

integer N such that

n>N implies s, <M,
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which in turn implies
Ay < 8, < M.

So {a,}, as a subsequence of itself, diverges to —oo = limsup a,,.
The only remaining case is when

limsupa, =lims, = L

for some real number L. Since {s,} is decreasing, this implies that there exists a
positive integer IV such that

k>N implies s < oo.

Since sy —1 is not an upper bound of {ay : k > N}, there exists an a,, with ny > N
such that

sy—1<ay, <sy.

Next, since s,,41 — = is not an upper bound of {a; : k > n; + 1}, there exists an

2
integer ng > ny such that

Sni+1 — 5 < Qn, < Sni+1-

Continuing this way, we obtain a subsequence {a,, } such that

Snp_1+1 % < Ay, < Snp_1+1 (25)

for all k > 2. Since s, - L, so does the subsequence {sy,+1} by Theorem 2.6.
Taking the limit limy_, . in (2.5) and using the Squeeze Theorem 2.5, we conclude
that a,, = L, as desired. g

2.4.4 Convergence in Terms of Limit Superior and Limit Inferior

Next we observe that a sequence is convergent, or divergent to +oo, if and only if
its limit superior and limit inferior coincide.

Theorem 2.14. Let {a,} be a sequence. Then

lima, = Le Ru{zoo} if and only if liminfa, =L =limsupa,,.
Proof. First consider the “only if” part. It was observed in Example 2.21 (1) that,
when a,, - L, the same is true for any subsequence, and L is the only subsequential
limit of {a,}. By Theorem 2.13 both liminfa, and limsupa, are subsequential

limits of {a,}, so they must both be equal to L.
Next assume that

liminfa, = L = limsupa,.

We want to show that a,, - L. We will consider the case when —co < L < o0, and
leave the other cases (L = +00) to the reader as an exercise. There exists a positive
integer N such that

n>N implies - o0 <iy,,s, < oo,



56 A First Course in Analysis

where 4, and s, are the infimum and the supremum of the set {a; : k > n},
respectively. Since

—00 < Uy £ Ay < Sy < 00

for all n > N, it follows from the Squeeze Theorem 2.5 and limi, = L = lim s,, that
lima, = L. ([l

2.4.5 FExercises

(1) Find the limit inferior and the limit superior of each of the following sequences.

(a) an =nif nis odd, and a, = + if n is even.
) ap=n-21.

(b n
(¢) an=(-1)"n.
(d

(e

) an = ()" g
) an =vVn?-2n-n.
(2) Finish the proof of Theorem 2.13 by showing that the limit inferior of any
sequence {a,} is a subsequential limit.
(3) Finish the proof of Theorem 2.12 by showing that liminf a,, < L for any subse-
quential limit L of {a,}.
(4) Finish the proof of Theorem 2.14 by showing that, if liminf a,, = limsupa,, =
L e {+o0}, then a, - L.
(5) Prove that

limsup(c + ay) = ¢+ limsupa,
and
liminf(c+ ay,) = ¢+ liminf a,

for any sequence {a,} and real number c. Here we interpret ¢+ oo as oo and
¢ — 00 as —oo.
(6) Prove that liminf a, < limsupa,, for any sequence {ay,}.
(7) Prove the inequalities
liminf a,, + liminf b,, <liminf(a, +b,)
< limsup(ay, +by)
< limsupa,, + limsup b,,.
Give an example in which both the first and the third inequalities are strict.
(8) Let {ay, } be a subsequence of {a, }. Prove the inequalities

liminf a,, <liminfa,, <limsupa,, <limsupa,.

(9) Let {a,} be a Cauchy sequence. Prove directly (i.e., without using Theorem
2.10) that liminf a,, = limsup a,,.
(10) Suppose that a, <b,, for every n.
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(a) Prove that liminf a,, <liminfb,.
(b) Prove that limsupa,, < limsupb,.

Let {a,} be a sequence, and let {l,,} be a sequence in which each I, € R is
a subsequential limit of {a,}. Suppose that I, > L € R. Prove that L is a
subsequential limit of {a,}.

Prove that limsup a,, = —liminf(-a,,) for any sequence {a,}.

Prove that a sequence {a,} is convergent if and only if it is bounded and has
exactly one subsequential limit.

Prove that a,, - 0 if and only if limsup|a,| = 0.

Prove that a sequence {a, } is bounded if and only if limsup |a,| < co.

Let {a,} be a bounded sequence.

(a) Suppose that limsupa, < M for some real number M. Prove that there
exists a positive integer N such that n > N implies a,, < M.

(b) Suppose that liminfa, > m for some real number m. Prove that there
exists a positive integer N such that n > N implies a,, > m.

Let {a,} be a sequence.

(a) Suppose that limsupa, € R. Prove that for every e > 0, there exists a
positive integer N such that n > N implies a,, < (limsupa,) + €.

(b) Suppose that liminfa, € R. Prove that for every e > 0, there exists a
positive integer N such that n > N implies a,, > (liminf a,,) — €.

Let {a,} be a bounded sequence, and let r be a positive real number.

(a) Prove that limsup(ra,) =r (limsupa,).
(b) Prove that liminf(ra,) =r (liminf a,,).

Suppose that a,, - L, a positive real number, and that {b,} is any sequence.
Prove that limsup(a,by,) = L (limsupb,,).

Let {a,} and {b,} be bounded sequences of non-negative real numbers. Prove
that

limsup(a,b,) < (limsupay,) (limsupb,,) .

Give an example in which this inequality is strict.
Let {a,} be a sequence. Prove that

limsupa, =inf{s, : n€Z,} and liminfa, =sup{i,: neZ.},

where s, =sup{ay, : k>n} and i, =inf{ay : k> n}.

2.5 Additional Exercises

(1) Let r be an arbitrary real number.

(a) Prove that there exists a strictly increasing sequence of rational numbers
{an} such that a,, — r.
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(b) Prove that there exists a strictly increasing sequence of irrational numbers
{a,} such that a, — r.

(¢) Repeat the above two parts with strictly decreasing instead of strictly
increasing.

Let a1 =2 and an.1 = /2 +ay, for n > 1.

(a) Prove that a, <2 for all n.

(b) Prove that a, < an41 for all n.

(c) Conclude that the sequence {a,} is convergent.

Prove directly from the definition that the following sequences are Cauchy
sequences.

(a) an =153 .
(b) an =%k ];7

k
(¢) an =Xk k§5k'

Prove that the sequence with
1

1 1
=l+—=+—+-+
V2 V3 Vn
is divergent.

Let p be a real number with 0 <p < 1. Prove that the sequence with

an

is divergent.

If limag,—1 = L = lim asgy,, prove that lima,, = L.

Suppose that a, - L # 0 and that {a,b,} is a convergent sequence. Prove
that {b,} is convergent.

Suppose that a, - L and that f:Z, — Z, is a bijection. Consider the sequence
with b, = ay(,). Prove that b, — L.

Let p() = ¢ppax™ +Cpm_12™ L +---+¢( be a polynomial, so the ¢; are real numbers,
and suppose that a,, - L. Prove that p(a,) - p(L).

Suppose that each a, >0 such that lim(a"“) = L.

QAn
(a) If L <1, prove that there exist a positive real number r with L < r < 1 and
a positive integer N such that ay,p < rfay for all positive integers k.
(b) If L <1, use the previous part to prove that a, — 0.
(¢) If L > 1, prove that a, — .
(d) Given an example in which L =1 and {a,,} is convergent.
(e) Given an example in which L =1 and {a,} is divergent.
Let p(2) = cna™ + Cpo12™ L+ + ¢ and q(x) = dpa® + d_125 1 + - + dy be
polynomials with di # 0. Prove that
Cm .
— ifm=k,
lim ZM = Odk if k
g(n) if m<k,

+o0 ifm>k.
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Let {a,} be a sequence. Define another sequence by
+ cee +
b, = u.
n
(a) If a,, > L, prove that b, - L.
(b) Given an example in which {b,} is convergent but {a,} is divergent.

Consider the sequence with a,, = (1 + %)n

(a) Using Theorem 1.7 prove that

1
an:1+1+—(1—1)+l(1—£)(1—g)+
2! n) 3! n n

()00 050

(b) Use the previous part to show that the sequence {a,} is increasing.
(¢) Prove that
1 1
an§1+1+5+-~~+a<3
for each n > 2.
(d) Conclude that {a,} is a convergent sequence.

Find the limit inferior and limit superior of the sequence whose nth term is
3+ (-1 (2 - %) Does this sequence converge?

Consider two sequences {a,} and {b,} that are equal as sets. Does it follow
that these two sequences have the same set of subsequential limits?
Construct a sequence whose set of subsequential limits is {0} U {% T ne Z+}.
Prove that there exists a sequence {a,} whose set of subsequential limits is
exactly the closed interval [0, 1].

Let a < b be real numbers.

(a) Prove that there exists a sequence {r,} in (a,b) such that every rational
number in (a,b) occurs in this sequence exactly once.
(b) Find the set of subsequence limits of the sequence {r,}.

Let {a,} be a bounded sequence.

(a) Prove that limsup = L if and only if for every € > 0, the inequality |a, — L| <
€ holds for an infinite number of a,,, and only finitely many a, > L +e.

(b) Prove that liminf = L if and only if for every e > 0, the inequality |a,—L| < €
holds for an infinite number of a,,, and only finitely many a,, < L —e.

Prove that the following statements are equivalent.

(a) The Bolzano-Weierstrass Theorem 2.8.

(b) The Nested Interval Property (Exercise (16) on page 44).
(¢) Every Cauchy sequence is convergent.

(d) The Completeness Axiom.

In other words, prove that each statement implies the others. It suffices, for
example, to prove the implications (a) = (b) = (¢) = (d) = (a).
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Chapter 3

Series

In this chapter we discuss a special kind of sequences, called series. In fact, we
already discussed several examples of series in the previous chapter. Examples
2.11, 2.12, 2.18, and 2.19 are all series. In general, a series {s,} has the form
Sp = a1+ +a,. As with sequences, the main question about a series is whether it
converges.

In section 3.1 we discuss two convergence criteria for series due to Cauchy. The
first one is the Cauchy Convergence Criterion (Theorem 2.10) for sequences, stated
in the context of series. The second one is called the Cauchy Condensation Test.
The two most basic types of series, the geometric series and the p-series, are also
discussed. Several more tests for convergence of series are discussed in sections 3.2
and 3.3. They include the two Comparison Tests and the Alternating Series Test.
The reader should already be familiar with these tests from calculus.

In section 3.4 we discuss the related concept of absolute convergence. The Ratio
Test and the Root Test are discussed. In section 3.5 we consider what can happen
when the terms of a series are rearranged. It turns out that for some convergent
series, such a rearrangement may converge to a different limit.

To motivate the discussion of series, consider the decimal form of a real number

r=n.n1ngnsng ... =n+0.ningngng ...,

where n is an integer and each ny € {0,1,...,9}. The kth digit ny after the decimal

point represents the real number 1”7’1
form is actually representing it as a “sum”

ny n2 n3
r=n+ —4+ — 4+ —— + -,
10 102 103

However, this “sum” may go on indefinitely. For example, = = 3.14159... has an

So writing a real number r in its decimal
(3.1)

unending decimal expansion. In other words, we are really considering the sequence
{r} in which
ny N2 Nk
rk:n+1—o+ﬁ+---+1—0k,
and the limit of this sequence is r. As with any other sequence, here is the main
question. Are we sure that this sequence converges? Can there be decimal expan-

sions that do not converge? If so, which ones?

61



62 A First Course in Analysis

The example and questions above illustrate the need for a rigorous definition
and careful analysis of series. With the tools that we will develop in this chapter,
it is not hard to show that the sequence {ry} above converges. Of course, series
are widely used in the mathematical sciences and are not restricted to decimal
expansions.

3.1 Convergence of Series

In this section, we discuss some basic tests for convergence of series. We also discuss
some examples of series that are useful for comparing with other series.

3.1.1 Definition of a Series

Definition 3.1. A series is a sequence {s, } in which s, has the form
Sp=a1 +ag + - +an

for some sequence {a,}. We also write such a series as

oo
Zan or Zan,
n=1

and call s,, the nth partial sum of the series. A series Y. a,, is said to be conver-
gent if the sequence {s, } of partial sums is a convergent sequence. If L is the limit
of {sp}, we write

Zan =L.

A series that is not convergent is called divergent. If s, — +oo, then we say that
the series diverges to +oo and write . a, = +oo.

As in the case of sequences, sometimes the a,, involved may not start with a;
but some other term ay. For example, we may have a, = (logn)~!, which does not
make sense if n = 1. In such cases, we start with s; = ax, and we have

Sp =0k t Ayl + -t ap
for n > k. We write
(o]
D an
n=k

if we wish to emphasize that the first term in the series is a;. We will sometimes
write

zan:a1+a2+ag+---

just to exhibit the first few ay in the series.
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3.1.2 Cauchy Convergence Criterion for Series

Since a series Y. a, is actually a sequence {s,} of partial sums, any convergence
criterion for sequences automatically applies to series. In particular, the Cauchy
Convergence Criterion for sequences can be used for series as well.

Theorem 3.1. A series Y. a, is convergent if and only if for every € > 0, there
exists a positive integer N such that

n

2.

k=m+1

n>m>N implies <e.

Proof. By Theorem 2.10 the sequence {s,} of partial sums is convergent if and
only if for every e > 0, there exists a positive integer N such that

n,m >N implies |s, —sm|<e€.

If n = m then this inequality is trivially true. If n # m, then either n >m or m > n.
In the case that n > m, we have

m

Sa-Ya

k=1 k=1
In the case that m > mn, we simply reverse the roles of n and m in the above

n

>

k=m+1

|Sn—8m|: :|am+1+am+2+“'+an|:

discussion. O

Taking the negation of the Cauchy Convergence Criterion for series, we obtain
a criterion for a series to diverge.

Corollary 3.1. A series Y a, is divergent if and only if there exists g > 0 such
that, for every positive integer N, there exist integers

n

2. a

k=m+1

n>m>N such that > €g.

Another useful criterion for showing that a series diverges is the following result.

Corollary 3.2. If the series Y. a, is convergent, then lima, = 0. Equivalently, if
{an} does not converge to 0, then the series Y. a, is divergent.

Proof. Given € >0, by Theorem 3.1 there exists a positive integer IV such that

n

n>m >N implies Z ag| < €.
k=m+1
In particular, with n=m+1> N, we have
m+1
la, =0l =| > ap|<e
k=m+1
This shows that a,, — 0. O

Let us emphasize that Corollary 3.2 above is a one-way implication; its converse
is false. In other words, lim a,, = 0 alone is not enough to guarantee the convergence
of the series ). a,. This is illustrated in the following example.
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3.1.3 Harmonic and Geometric Series

Example 3.1. The harmonic series is the series

=1 1 1
Yo—=l4 o=
2 3

n=1"7

Since a, = =, we have a, - 0 (Example 2.2). We now show that the harmonic

series is divergent using Corollary 3.1 with ¢y = % Given any positive integer IV,
we can take m = N and n =2m = 2N. We have

N 1 1 1 1 1

Z — = + 4+ e 4 >N . —=—.

peni k. N+1 N+2 2N 2N 2
N terms

The above inequality holds because each of the NV terms is greater than or equal to

ﬁ. This shows that the harmonic series Y. + is divergent, even though 1 — 0.
n n

Example 3.2. Let r be a real number. The geometric series is a series of the
form

Yot = T+r+r2 404

n=0
If || > 1, then |r|* > 1 for all n, and the sequence {r"} does not converge to 0. So
by Corollary 3.2 the geometric series Y r™ diverges when |r| > 1. When |r| < 1, the
nth partial sum is

n-1 n

Sp=l+r++r" ",

So we have

1

PSp =T +12 4k =g

Solving for s, in this equality, we have

1-pt 1 1
Sp = = - o
1-7r 1-r» 1-r
From Example 2.5 we know that »"*! — 0 if |r| < 1. Thus, we conclude that the
geometric series Y5 r™ converges to = if |r| < 1.

n+1

The two examples above, the harmonic series and the geometric series, are ac-
tually closely related. We will make this clear after the following convergence test.

3.1.4 Cauchy Condensation Test

Theorem 3.2. Suppose that each a, >0 and that the sequence {a,} is decreasing.
Then the series Yoo an is convergent if and only if the series

3 2%age = a1 +2as +dag + - (3.2)
k=0

18 convergent.
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Ideas of Proof. Both implications are proved using the Monotone Convergence
Theorem. Therefore, in each case, we will establish that the sequence of partial
sums is bounded and monotone.

Proof. Consider the two sequences of partial sums involved:
Sp =01 taz+ a3+ ag+ -+ an,
ty, = ai +2as +4as + 8ag-- + 2" agn
=ay+ag+as+ag+-+agn.
It follows from the hypotheses on the a; that
0< sy <ty (3.3)

(134

for each n > 1. To prove the “if” part, suppose that the series (3.2) is convergent.
In other words, we assume that the sequence {t,} of its partial sums is convergent.
So the sequence {t,} is bounded (Theorem 2.2), which implies by (3.3) that the
sequence {s,} is bounded. Since ay, > 0 for each k, the sequence {s,} is increasing
and bounded. The Monotone Convergence Theorem 2.3 now implies that {s,}, and
hence the series Y. a,, is convergent.

To prove the “only if” part, assume that ¥ a,, and hence {s,}, is convergent.
Since {s,} is a bounded sequence, there exists M > 0 such that

0<s,<M

for all n. Since the sequence {t,} of partial sums is increasing, to show that it is
convergent, it is enough to show that it is bounded. If n = 2*, since the sequence
{an} is decreasing, we have
28, =a1+a1+as+as+ag+ag+ag+ag++an+a, >a1 +tp >t
———
>2aso >4ay

We conclude that
tk- < 282k <2M

for all k. This shows that {¢,} is bounded and monotone, and hence the series (3.2)
is convergent. O

The Cauchy Condensation Test is a remarkable result. It says that the conver-
gence of the series Y a,, is determined by that of a series formed only with the terms
Aok (k‘ € N)

Example 3.3. Generalizing the harmonic series Z% (Example 3.1), we consider
the p-series

where p is a fixed real number. If p <0, then n™P > 1 for all n, and {n"?} does not
converge to 0. So by Corollary 3.2 the p-series ). n™" is divergent when p <0.
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Suppose that p > 0. In this case, the sequence {nP} is decreasing and each
n~P > 0. Thus, by the Cauchy Condensation Test, the p-series is convergent if and
only if the series

had 1 b n
on. _ 9(1-p)
2y g2

is convergent. This is a geometric series ¥ 7" with r = 2017?). By Example 3.2 this
geometric series is convergent if and only if 2"P) < 1, i.e., p > 1. Therefore, we
conclude that the p-series Y. n™P is convergent if and only if p > 1.

3.1.5 FEzxercises

(1) Let ¥ a,, = A and ¥ b, = B be two convergent series, and let ¢ be a real number.

(a) Prove that ¥ (a, +b,) = A+ B.
(b) Prove that ¥ ca,, = cA.

(2) Let a and r be real numbers. Prove that the series Y.~ ,ar", also called a
geometric series, is convergent with limit ;% when || < 1 and is divergent
when |r| > 1.

(3) Prove that the harmonic series Y, % diverges to oo.

(4) Determine whether the following series converge.

(a) Z[logn]™.
(b) Y[nlogn]™.

(¢) X[n(logn)(loglogn)]™.

(d) Y[n(logn)P]™!, where p is a fixed real number.

(5) Prove that the convergence of a series Y a, is not affected by inserting or
deleting finitely many terms. In particular, if ¥ > a, is convergent, then so
is Y07, a, for every positive integer k.

(6) Let Y ay be a convergent series. For each m, let b, = Y.~ a,. Prove that

n=m =N
by, — 0.
(7) Suppose that a, - L € R. Prove that the series ¥, (a, — an+1) converges to
ay — L.

(8) Prove that ¥°° [n(n+1)]7! converges to 1.
(9) Suppose that a, - oo. Prove that ¥ (an+1 — a,) = oo.
10) Prove that each of the following series diverges to oc.

(a) S(VA¥T- V).

(b) Y(log(n+1)-logn).
(11) Suppose that the series Y |a,| is convergent.

(a) Prove that 3 a,, is convergent.

(b) Give an example in which ¥ a,, is convergent but Y |a,| is divergent.
(12) Suppose that each a,, > 0. Prove that the series ¥ a,, is convergent if and only

if its sequence {s,} of partial sums is bounded.
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(13) Prove that the series (3.1) for decimal expansion always converges.

(14) Suppose that each a,, > 0 and that ¥ a, is convergent. Suppose that {a,, } is
a subsequence of {a,}.
(a) Prove that Y ;- an, is convergent.
(b) Is ¥ @y, still convergent if we do not assume that a, >0 for all n?

(15) Suppose that ¥ a, is a convergent series with limit S. Define
bl :a1 -{-....|>an17
b2 = aTL1+1 +oee aTLQ?
bg = Qpy+1 + -+ Ay,
etc., where 1 < nj < ng < ng < ---. Prove that ) b, converges to S. This says
that in a convergent series, if parentheses are introduced to form a new series,
then the resulting series converges to the same limit.

(16) Prove that the converse of the previous exercise is false. In other words, exhibit
an example in which Y b,, is convergent but Y. a,, is divergent.

(17) Suppose that each a, > 0 and that ¥ a, is a convergent series with limit S.
Let f:Z, — Z, be a bijection, and define b, = ay(,). Prove that ¥ b, = S.
This says that if the terms of a convergent series with non-negative terms are
rearranged in any order, then the resulting series converges to the same limit.

3.2 Comparison Tests

In this section we discuss two Comparison Tests for convergence of series.

3.2.1 Comparison Test

To motivate the first comparison test, consider the series

$_1 1.1 1,
m2+5 7 13 23

n=1

Since n? < 2n? + 5, taking the reciprocals we have
SO
2n2+5 n?’
Since the bigger series Y n? is a convergent p-series (Example 3.3), it seems that
the smaller series Y(2n? + 5)~! should be convergent as well. This is, indeed, the
case, as the following test shows.

Theorem 3.3 (Comparison Test). Suppose that
0<a,<b, forall n.

(1) If ¥ by, is convergent, then Y. a, is convergent.
(2) If ¥ ay, is divergent, then Y. b, is divergent.
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Proof. Consider the sequences of partial sums
Sp=a1+-+a, and S, =b+-+b,.
Both are increasing sequences, and
0<s,<S,

for each n. If the series Y b, is convergent, then by definition the sequence {S,}
is convergent, and hence bounded (Theorem 2.2). This implies that the increasing
sequence {s,} is bounded as well. By the Monotone Convergence Theorem 2.3,
the sequence {s,}, and hence the series Y a,, is convergent. This proves the first
assertion. The other assertion is the contrapositive of the first assertion. O

Example 3.4. Applying the Comparison Test to the series Y(2n? +5)7!, we con-
clude from the convergence of the p-series ¥ n 2 and 0 < (2n% +5)7! < n=2 that
> (2n% +5)7! is convergent.

There are two common pitfalls when using the Comparison Test. First, the
condition 0 < a,, for all n, or at least all n > N for some fixed NV, cannot be omitted,
as the following example illustrates.

Example 3.5. Consider the case when
an=-1<n2=b,.

Then Y b, is convergent, but Y a, is divergent. The Comparison Test does not
apply here because the condition, 0 < a,, for all n, is not satisfied.

Another common misconception of the Comparison Test is that the convergence
of ¥ a, implies that of Y b,. This is false, as the following example illustrates.

Example 3.6. Consider the case when
O<a,=n"2<1=b,.

Then Y a, is convergent, but > b, is divergent. The Comparison Test does not
apply here because the hypotheses for both cases of the Comparison Test are not
satisfied.

3.2.2 Limit Comparison Test

To motivate the second Comparison Test, consider the series

S 2n 4
Yo T2
= hn?-4 16 41
When n is large, the quotient 53%_4 is roughly equal to 5% So the convergence

behaviors of the two series . % and ) % should be the same. Since the harmonic
series Y, % is divergent (Example 3.1), sois 3 5% Thus, we expect the series 3 53}1 1
to be divergent as well. This is true, as the following test shows.
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Theorem 3.4 (Limit Comparison Test). Suppose that
Un,bp >0 forall n and lim an =LelR.

n—oo

(1) If L>0, then Y a, is convergent if and only if 3. b, is convergent.
(2) If L =0 and ¥ by, is convergent, then ¥ a, is convergent.

Ideas of Proof. The plan is to show that we can actually use the Comparison Test
(Theorem 3.3).

Proof. If lim ¢ = L > 0, then there exists a positive integer N such that

L n L
n> N implies —<a—<3—,
2 b, 2
which is equivalent to
L 3L
*bn < < 7bn~ 34
g SInt Ty (3:4)

If Y a, is convergent, then so is %Zan. So the left inequality in (3.4) and the
Comparison Test imply that > b, is convergent. Conversely, if ¥ b, is convergent,
then so is % > b,. So the right inequality in (3.4) and the Comparison Test imply
that Y a, is convergent. The proof of the other assertion is an exercise. O

Example 3.7. For the series Y., a, with a, = 5527"_4, we use the Limit Comparison

Test with b,, = % Then 3= — % > 0, so the divergence of the harmonic series Z%

2n
5n2-4"

implies the divergence of the series >

3.2.3 FEzxercises

(1) Prove Theorem 3.4 when L = 0.
(2) Test the following series for convergence.

(a) 2(3n?-n+4)7L.

(b) ¥(4n-3)71/2.

() T(2n+3y/n)™"

(d) S(2n+3/n)2

(&) $(n)".
() S(n2") ",

(3) Suppose that a,,b, >0 for each n and that ‘;—: - o0. If ¥ b, is divergent, prove
that 3 a,, is divergent.

(4) If ¥ a,, is convergent and each a,, > 0, prove that ¥ a2 is convergent.

(5) Let p(x) = X% c;z’ and q(x) = Z?:o d;jx? be polynomials with ¢,,,dy, # 0. Prove

that the series zgzg is convergent if and only if £ > m + 2. Here we assume

that the series starts at a term 588 with N sufficiently large so that g(m) # 0

for all m > N. This is known as the Polynomial Test.
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(6) Suppose that a,,b, >0 for all n.
(a) Prove that

/anb < Qn ;’ b'n

for all n.
(b) Use the previous part to prove that Y. \/a,b,, is convergent if both ¥ a,, and
Y. b, are convergent.

3.3 Alternating Series Test

In this section we discuss a convergence test for series whose terms have alternating
signs.

Definition 3.2. An alternating series is a series ¥ (-1)""a, or ¥(-1)"a, with
each a, > 0.

Example 3.8. The alternating harmonic series

Z( 1)n+11= _l+1_1+...
oo 2 3 4

considered in Example 2.18 is an alternating series. There we showed that this
series is convergent, in strong contrast with the harmonic series > % (Example 3.1).
The crucial ingredient in Example 2.18 is that the sequence {1} is decreasing. Of
course, it is also true that % — 0. This example illustrates the ideas behind the
following test.

Theorem 3.5 (Leibnitz Alternating Series Test). Suppose that

e {a,} is decreasing with each a,, >0, and
e lima, =0.

Then the alternating series ¥ (~1)""a,, is convergent.
Ideas of Proof. The plan is to recycle the argument in Example 2.18. We will show

that the alternating series Y"(-1)"*'a,, satisfies the Cauchy Convergence Criterion
(Theorem 3.1).

Proof. Let € >0 be given. Since a,, — 0, there exists a positive integer IV such
that

m >N implies a,, <e€.
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Then for n >m > N we have

Zn: (_1)k+1ak

k=m+1

= |(_1)m+2am+1 + (1) ™+ ¥ (—1)"+1an|

= |am+1 — Ame2 + Ay — -+ + (_1)m+n+1an|

= |am+1 - (am+2 - am+3) - (am,+4 - am+5) _|

non-negative non-negative

< Q41 <E.

This shows that the series (-1)"*'a,, satisfies the Cauchy Convergence Criterion
and is, therefore, convergent. (I

Example 3.9. Consider the alternating series

Z(_l)n+12£'

n

We have that n12% > 0 and that the sequence {n'2#} is decreasing. Moreover,
we have n™* > 0 and 1 < 2% < 2 for all n, so nl2w > 0. Thus, the hypotheses of
the Alternating Series Test are all satisfied, and we conclude that the alternating
series is convergent.

One common mistake that students make about the Alternating Series Test is
to use it to show that an alternating series is divergent. The Alternating Series Test
cannot be used to show that any series is divergent. If one of its hypotheses is not
satisfied, then the test simply does not apply. In this case, the series may converge
or diverge.

Example 3.10. The alternating series

n 21
Z(_l) 3n-1

is divergent because 372;_’1 - %, and so {(-1)" 3%1 } does not converge to 0 (Corollary
3.2). The Alternating Series Test does not apply to this alternating series.
The Alternating Series Test also does not apply to the alternating series

11 1 1
n+1 _1_ = - Il
Z(—l) a, =1 32 + 5 52 + 2
because {a,} is not decreasing. However, this alternating series is convergent by
Exercises (11) and (17) on page 66 and Example 2.19.

3.3.1 Ezxercises

(1) Test the following series for convergence.

(a) $(-1)"! (logn) ™.
(b) £(-1)" 1 (nl)
() T(-1)"n
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(d) Z(_l)n+1n33—n.

(2) Prove or disprove: If ¥ a, is a convergent series and if b, - L, then ¥ a,b, is
convergent.

(3) Prove or disprove: If ¥ a,, is convergent, then ¥ a? is convergent.

(4) Suppose that a,,b, >0 for all n and that ¥ a,, and Y b, are both convergent.

(a) Prove that ¥ a,b, is convergent.
(b) Is ¥ apb, still convergent if the hypothesis a,, b, > 0 for all n is omitted?

(5) Suppose that ¥ (-1)"*'a,, is an alternating series that satisfies the hypotheses
of the Alternating Series Test and has limit L. Prove that 0 < L < a;.

(6) Consider the alternating series .(-1)"*'a, in which a,, = * if n is odd and
Ay = % if n is even.

(a) Prove that a, — 0.
(b) Prove that a, — an41 > ﬁ for all odd n.
(c) Prove that the alternating series Y (-1)"*'a,, is divergent.

This series illustrates that the decreasing hypothesis in the Alternating Series
Test cannot be omitted.

3.4 Absolute Convergence

1)"1L s convergent (Example

Recall that the alternating harmonic series Y (-
2.18), but the harmonic series ¥ + is divergent (Example 3.1). These two series
tell us that, in general, 3" a,, and ¥ |a,| can have very different convergence behav-
iors. To make precise the relationships between such series, we make the following

definitions.

3.4.1 Absolute and Conditional Convergence
Definition 3.3. A series Y a, is said to be

e absolutely convergent if the series Y |a,| is convergent.
e conditionally convergent if it is convergent, but ¥ |a,| is divergent.

The alternating harmonic series Z(—l)”“% is an example of a conditionally

convergent series. So convergence does not imply absolute convergence. However,
the other implication is true.

Theorem 3.6. If a series Y a, is absolutely convergent, then it is convergent.

Proof. We will show that the series ) a,, satisfies the Cauchy Convergence Cri-
terion (Theorem 3.1). Since Y a, is absolutely convergent, given e > 0 there exists
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a positive integer N such that n>m > N implies

n n n
Yooar| < > arl=| D laxl| <
k=m+1 k=m+1 k=m+1
This shows that ). a,, is convergent. O

In other words, absolute convergence implies convergence, but not vice versa.
The following example illustrates that sometimes it is easier to show that a series
is absolutely convergent than to show directly that it is convergent.

Example 3.11. Consider the series Y, %(271) Some of its terms are negative because

cos(n) can be negative for certain values of n. One would like to compare this series

to the convergent p-series Y. n% with p = 2 (Example 3.3). However, neither one of
the Comparison Tests applies because we cannot be sure that the nth term %(2")

is positive. By Theorem 3.6 to show that %ﬁ") is convergent, it suffices to show
that it is absolutely convergent. Since |cos(n)| <1 for any n, it follows that
cos(n) < i
| n? n?

Now the Comparison Test applies. Since the p-series Z# is convergent, so is

D |COZ#| In other words, Y CO;# is absolutely convergent, and hence convergent.

The above example shows the usefulness of the concept of absolute convergence.
Even if one is only interested in convergence, it is sometimes more convenient to
consider absolute convergence.

3.4.2 Root Test

We now develop two commonly used tests for absolute convergence. Recall the
concept of limit superior in section 2.4.

Theorem 3.7 (Cauchy Root Test). Suppose that

1
n

L =limsup|a,
Then the series Y. a, s

e absolutely convergent if L <1, and
o divergent if L > 1.

Ideas of Proof. For large n, |an|% is roughly equal to L, so |a,]| is approximately
L". Thus, the series ¥, |a,| behaves like the geometric series . L™, which is conver-
gent if and only if |L| = L < 1.

Proof. First suppose that L < 1. We need to show that Y |a,| is convergent. We
can choose an € > 0 such that

r=L+e<]1.
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For example, the choice € = % will do. Since L is the largest subsequential limit

of the sequence {|a, 71L} (Theorems 2.12 and 2.13), this sequence is bounded. There
are at most finitely many n such that

1
n > +e.

|an
Thus, we can choose a positive integer N such that
n> N implies |an|% <r<l,
which in turn implies
lan] <7™. (3.5)

Since 0 < r < 1, the geometric series Y. ™ is convergent. By (3.5) and the Comparison
Test, the series Yooy |an|, and hence Y7, |ay|, is convergent.

Next suppose that L > 1. We can choose an ¢ > 0 such that L —e > 1. There are
infinitely many n such that

|an|% >L-€e>1,

which implies that |a,| > 1 for infinitely many n. So {a,} does not converge to 0,

and the series ¥ a,, is divergent (Corollary 3.2). O
Example 3.12. Consider the series Y a, with a,, = (52—?2)“ Then
0< a;? = 3n - §
m—-2 5

So in this case
3
limsup|an\% =5 < 1

by Theorem 2.14. Thus, the Root Test says that the series ) a,, is absolutely
convergent, and hence convergent.

The Root Test gives no information if limsup|a,|= = 1. In other words, when
lim sup |ay,

# =1, the series may converge or diverge (Exercise (3) below).

3.4.3 Ratio Test

The following test for absolute convergence will be used again when we discuss
power series later in this book.

Theorem 3.8 (d’Alembert Ratio Test). Suppose that a, # 0 for all n.
(1) If

Ap+1
Qp,

lim sup

then Y. a, is absolutely convergent.
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(2) 1f
Qp41
an,

lim inf >1

then Y a, 1s divergent.

Ideas of Proof. Similar to the proof of the Root Test, the plan is to relate the
series to a suitable geometric series, whose convergence behavior is known.

Proof. Suppose that
Gn+1

L =limsup <1.

an
To show that ¥ |a,| is convergent, first choose an € > 0 such that

r=L+e<l1.
There are at most finitely many n such that
An+1
Qp
Thus, there exists a positive integer N such that
. . Un+1
n >N implies <
425
In particular, we have
2
lans1| <rlan|,  lanse| < rlana| < rlan,

and so forth, leading to
lansx| < 7¥lan| for all k> 0.

Therefore, we have
k k

lanw < Zrl|a1\/| < lan|
=1 =1 -7
for all £ > 1, since 0 < r < 1. This shows that the sequence of partial sums of
the series Y;°; lan+i|, which is increasing, is bounded as well. So 377 lan+i| is
convergent by the Monotone Convergence Theorem 2.3. This implies that Y |a,| is
convergent.
The other assertion is left as an exercise for the reader. g

Example 3.13. Consider the series Y a,, with a, = 5-. We have

Apil n+l 2" n+1 1
- .| = - —< 1.
an, on+l 2n 2

By the Ratio Test the series Y a,, is absolutely convergent, and hence convergent.

n

Example 3.14. Consider the series } a,, with a,, = %+, where z is any real number.
Then

l‘n+1 n!

(n+1)! zn
regardless of what = is. Therefore, by the Ratio Test the series .
convergent, and hence convergent, for all real numbers x.

= 2 -0<1,
n+1

Qp+1

QA

2"
n

is absolutely



76

A First Course in Analysis

3.4.4 Ezxercises

(1)

(7)

Test for convergence for the following series.

3
(a) ¥ 57
( ) sn]n.
(c) Z(n') .
(d) X(logn)™, n>2.
In each case, determine the real numbers z such that the series converges.

a Z( 1)n (én)r
2n+1

)

O iy
)
)

Denote limsup |a, |+ by L

(a) Give an example of a convergent series Y a,, with L = 1.
(b) Give an example of a divergent series Y a,, with L = 1.

Such examples illustrate that the Root Test is inconclusive when L = 1.

Finish the proof of Theorem 3.8. In other words, prove that if a,, # 0 for all n
and liminf [“2+[ > 1, then ¥ a, is divergent.

Give examples to show that the Ratio Test is inconclusive when

An+1

Qn

.. An+1
lim inf
an

<1<limsup

Suppose that a, > 0 for all n.
(a) Let L =limsup “=** and € > 0. Prove that there exists a positive integer N
such that

< (L+e)n(Li7]\;)N

for all n > V.
(b) Use the previous part to prove that

L a
lim sup (a;{’ ) < limsup (n—ﬂ) :
an

(c) Prove that

lim inf ( n+l ) < liminf (aﬁ) .
an

This exercise illustrates that when the Ratio Test is applicable, then so is the
Root Test.
Consider the series

()66 GG 6 -G 6
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(14)
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(a) Prove that liminf “= = % and limsup %+ = 3. Thus, the Ratio Test is
not applicable.
1
(b) Prove that a;; — ‘/75 Thus, the Root Test shows that }: a, is convergent.

This example together with the previous exercise illustrate that the Root Test
is more general than the Ratio Test.

Suppose that a,, > 0 for all n and that limsup a,% < 1. Prove that Y nPa, is
convergent for all positive integers p.

Using Exercise (6b) or otherwise, prove that (n!)# — oco.

Suppose that a% and Y, bi are both convergent.

2 2
(a) Prove that |a,b,| < % for each n.
(b) Prove that ¥ a,b, is absolutely convergent.

Suppose that a,, > 0 for all n and that } a,, is convergent. Using the previous

WV a .
- 1s convergent.

exercise, prove that >
Suppose that
anl < - —
"Tn o on+l
for all n. Prove that Y a, is absolutely convergent.

Consider the series

1 1 1 1
Yan=l+-++++
2 3 22 32
(a) Prove that the Ratio Test is not applicable.
(b) Use the Root Test to determine if ¥ a,, is convergent.

Suppose that a,, >0 for all n and that lim “== = L > 0.

(a) Given € > 0 with € < L, prove that there exists a positive integer N such
that
an

n
~ <an<(L+e)" —

n an
L= Toor LN

for all integers n > N.
1
(b) Use the previous part to prove that a; — L.

3.5 Rearrangement of Series

Suppose that Y a, is a convergent series. If the terms a, are rearranged in the
series, does the resulting series converge to the same limit? We will discuss this
question in this section.

Definition 3.4. If f:Z, — Z, is a bijection, then

Do Af(n) = QF1) +ap(2) + o

is called a rearrangement of the series Y. a,.
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For a convergent sequence {a,, }, any rearrangement results in a sequence {a ()}
that also converges to the same limit (Exercise (8) on page 58). First we observe
that this has an analog for absolutely convergent series.

Theorem 3.9. Let Y a,, be an absolutely convergent series with ¥ |a,| = L, and let

Dobn = asm)

be a rearrangement of Y. a,. Then ¥ b, is absolutely convergent with ¥ |b,|= L.

Ideas of Proof. The absolute convergence of Y b, will be established using the
Monotone Convergence Theorem.

Proof. First we show that Y |b,| is convergent. Denote by s, and S,, the nth
partial sums of the series Y |a,| and Y |b,|, respectively. Both {s,} and {S,} are
increasing. We have

n

n
Sy = Z |bk| = Z |af(k)| <spy <L, (3.6)
k=1 k=1

where

M =max{f(1),..., f(n)}.
So {S,} is both increasing and bounded. The Monotone Convergence Theorem 2.3
implies that {S,,}, and hence 3 |b,|, is convergent. Denote its limit by L’. We must
show that L = L'. Equation (3.6) implies that

L' =1limS, < L.
On other hand, the series Y a,, is a rearrangement of > b,, since
n = bp1(n)-
So the same argument as above shows that
L<L"
Thus, we conclude that L = L'. O

Corollary 3.3. If Y a,, is a convergent series with each a, >0, then any rearrange-
ment ¥ agn) of X an also converges to the same limit.

Proof. When a, >0 for all n, we have
an = |an|7
and convergence of the series Y a,, is equivalent to absolute convergence. So we can

apply Theorem 3.9. (]

The situation for conditionally convergent series is drastically different. Recall
that a conditionally convergent series Y a,, is a convergent series that is not abso-
lutely convergent. We now show that given a conditionally convergent series, every
real number L is the limit of a rearrangement of the series.
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Theorem 3.10 (Riemann Rearrangement Theorem). Let

e Y a, be a conditionally convergent series, and
e L be an arbitrary real number.

Then there exists a rearrangement of Y. a, that converges to L.

Ideas of Proof. The plan is to rearrange the positive and negative terms of the
series such that the resulting partial sums s,, oscillate above and below the intended
limit L. The convergence of {s,} to L is guaranteed by the fact that the positive
terms sequence and the negative terms sequence both converge to 0.

Proof. Let p, and ¢, be the nth positive term and the nth negative term in {ay},

respectively. Since Y a,, is convergent, we have lima,, = 0, which implies that
limp, =0=limg,.

Moreover, the conditional convergence of Y a,, implies that

an =oo and an = —00
by Exercise (2) on page 80.

Now we construct the desired rearrangement. Take just enough, possibly zero,

positive terms p1,...,pn, so that their sum exceeds L. In other words, we have
P14+ Pn-1 SL<pr++ Dy =5n,-

This is possible because Y. p, = o. Now add just enough negative terms to the
partial sum s,, so that the sum is less than L, so

Smytng =Sng FqL++ Gny <L < Sp, +q1+ 0+ Qny-1-
This is possible because Y. ¢, = —oo. This process is now repeated ad infinitum. Add
just enough positive terms Py, 41, ..., Pny+ns tO Sny+n, such that the sum sy, 1nying
exceeds L. Then add just enough negative terms to Sy, 4+n,+ns such that the sum is
less than L, and so forth.

Let 3 af(n) be the rearrangement of 3 a,, constructed in the previous paragraph,
and let {s, } be its sequence of partial sums. To show that {s,} converges to L, let
€ >0 be given. Since

limp, =0 =limg,,
there exists a positive integer Ny such that

. . € €
n>Ng implies p, < 3 and |g,| < 7

Let N be a sufficiently large integer such that {a, }2_; includes {p, 2]21 and {qy, 2]21.
Then for n > N we have

€
|sn = L| < sup{p,lqx| - k> No} < 5 <€
This proves that lims,, = L. O
The proof above can be modified such that L can be taken to be the extended

real numbers +oo. Another modification of the proof above gives a rearrangement
that is divergent but does not diverge to oo (Exercise (3) below).
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3.5.1 FEzxercises

(1) Suppose that 3 a, converges absolutely and that 3 b, is a rearrangement of
Y an. If Y ay, =L, prove that > b, = L.

(2) Let Y a, be a conditionally convergent series. Suppose that p, is the nth
positive term in {ax} and that ¢, is the nth negative term in {ay}.

(a) Prove that there are infinitely many p, and infinitely many g,
(b) Prove that p, -~ 0 and that ¢, — 0.
(¢) Prove that Y. p, = o0 and ¥, g, = —oo.

(3) Suppose that ¥ a, is a conditionally convergent series.

(a) Prove that there exists a rearrangement of Y a,, that diverges to oo.

(b) Prove that there exists a rearrangement of 3 a,, that diverges to —oo.

(c) Prove that there exists a rearrangement of Y a,, that is divergent but does
not diverge to +oo.

(4) Suppose that a, > 0 for all n and that ¥ a, = co. Prove that Y ays,) = co for
every rearrangement Y ay,) of ¥ a,.

(5) Let X a, be a conditionally convergent series. Suppose that A < B, where A
and B are extended real numbers. Prove that there exists a rearrangement
Y af(n) such that

liminfs, =A and limsups, =B,

where {s,} is the sequence of partial sums of ¥ a ().

3.6 Additional Exercises

(1) Suppose that {a,} is a decreasing sequence with a,, > 0 for all n. If ¥ a, is
convergent, prove that na, — 0. This is known as Abel’s Theorem. Compare
Abel’s Theorem with Corollary 3.2.

(2) Prove that ) long?" is convergent.

(3) Prove that 3 (%)n is convergent for every real number z.

(4) Suppose that

‘an| < bn - bn+1

for all n, where {b,} is decreasing with b, — 0. Prove that ) a,, is absolutely
convergent.
(5) In each case, determine if the series is convergent or divergent.

(a) 1+2+1+L 4L 4.

$T Tps ]
RN D M B A
(€ l-g-3+3+5-g-7+

(6) Suppose that a,, >0 for all n

An
1+an

(a) If ¥ a, is convergent, prove that Y

is convergent.



(7)
(8)
(9)

(12)

(13)

(14)

Series 81

(b) If ¥ a, is divergent, prove that ¥ ;72— is divergent.

Suppose that ¥ a, is absolutely convergent and that {b,} is bounded. Prove
that ¥ a,b, is absolutely convergent.

Prove or disprove: If ¥ a,, is convergent and if {b,} is bounded, then ¥ a,b, is
convergent.

Suppose that a,, - 0. Define b,, = ag,,—1 + aa,. Suppose that Y. b, is convergent.

(a) Prove that 3 a,, is convergent.
(b) Show by an example that Y a,, can be divergent if the hypothesis a,, - 0 is
omitted.

Suppose that a, — 0. Prove that there exists a subsequence a,, such that
Y heq Gn,, is absolutely convergent.
Suppose that a,,b, >0 for all n and that there exist a positive integer N and
a real number 7 > 0 such that
n >N implies a,b, — ani1bp1 2 ra, >0.
(a) Prove that the sequence {a,by,}2 y is strictly decreasing.
(b) Prove that the whole sequence {a,b, } is convergent.
(¢) Prove that Yo n(anbp—an41bn41) is convergent with limit ayby — L, where
L =lima,b,.
(d) Conclude that ¥ a, is convergent. This is known as Kummer’s Test.

Let the setting be the same as in the previous exercise, and set

An+1
Ky =by —bpyy P

n

(a) Suppose that K =liminf K,, >0 and that ¢ > 0 with K — € > 0. Prove that
there exists a positive integer N such that

n>N implies K, >K —e.

(b) If K =liminf K,, > 0, prove that Y a,, is convergent.
(c) Take b, =n -1 and set R, = K,, + 1. Prove that
R,=n (1 - M) .
Qnp
(d) If liminf R,, > 1, prove that ¥ a, is convergent. This is known as Raabe’s
Test.

Using Raabe’s Test prove that the series
x(x+1) . z(x+1)(z+2) . z(z+1)(z+2)(x+3) e
2! 3! 4!
is convergent if x < 0.
Suppose that a,, b, >0 and that ¥, a,, and Y, b, are both convergent. For
each n define

1+x+

n
Cn = ). Qibne1—i = a1by + Agbp1 + - + An_1bg + anby
i=1
Denote the nth partial sums of Y a,, Y. b,, and > ¢, by A,, B,, and C,,
respectively.



82 A First Course in Analysis

(a) Prove that C,, < A4, B,, for all n.
(b) Prove that, for every integer n > 1, there exists an integer N > n such that
A, B, <Chy.
(¢) Prove that ¥ ¢, is convergent with limit (¥ a,)(X b,). The series ¥ ¢, is
called the Cauchy product of Y a, and  b,.
(15) Let {a,} and {b,} be two sequences, and let s,, be the nth partial sum of ) b,,.

(a) For n>m >1, prove Abel’s Formula:

n n—1
Do apby = ansn —ame15m + Y, (ak — ape1) Sk
k=m+1 k=m+1

(b) Suppose that {a,} is decreasing with a,, - 0 and that {s,} is bounded.
Prove that Y a,b, is convergent. This is known as Dirichlet’s Test.

(16) Using Dirichlet’s Test give another proof of the Alternating Series Test.

(17) Suppose that {a,} is a monotone convergent sequence and that Y. b,, is conver-
gent. Using Dirichlet’s Test prove that ) a,b, is convergent. This is known as
Abel’s Test. Discuss why the monotone assumption on {a, } is necessary.



Chapter 4

Continuous Functions

In this chapter, we discuss continuous real valued functions defined on subsets of
R. Continuity is one of the most basic and important concepts about real valued
functions. As we will discuss later in this book, wherever a function is differentiable,
it is continuous as well. Also, continuous functions provide a large class of integrable
functions. Continuity is closely related to limits of a function, which we discuss in
sections 4.1 and 4.2.

Continuous functions are defined and discussed in section 4.3. In section 4.4
it is observed that when a continuous function f is defined on a closed bounded
interval [a,b], it attains both a maximum and a minimum on that interval. It also
satisfies the intermediate value property. In section 4.5 we discuss a concept called
uniform continuity that is stronger than continuity. A function that is continuous
on a closed bounded interval is automatically uniformly continuous. In general,
however, a continuous function is not necessarily uniformly continuous.

In section 4.6 we discuss monotone functions, the functional analogs of monotone
sequences. It is shown that a monotone function on a bounded interval can have at
most countably many points of discontinuity. If a strictly monotone function defined
on a closed bounded interval is continuous, then so is its inverse function. In section
4.7 we discuss functions of bounded variation. Intuitively, a function of bounded
variation is a function whose graph does not fluctuate too much. A function of
bounded variation can be characterized as the difference of two increasing functions.

4.1 Limit Points

The limit of a function f at a point ¢ is about the values of f(z) when z is close,
but not equal, to ¢. This leads naturally to the concept of limit points.

Definition 4.1. Let A be a non-empty subset of R, and let x be a real number.
Then we say that x is a limit point of A if for every € > 0, there exist infinitely
many elements

ae€A suchthat O<la—z|<e.

83
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So x is not a limit point of A if and only if there exists an €y > 0 such that there
are only finitely many elements a € A satisfying 0 < |a — x| < €g.

Note that a limit point of A is not required to be an element in A. Conversely,
an element in A is not necessarily a limit point of A. Intuitively, if z is a limit point
of A, then there are enough points in A that are close, but not equal, to z. In the
following result, we provide two alternative characterizations of limit points.

Theorem 4.1. Let A be a non-empty subset of R, and let x be a real number. The
following statements are equivalent.

(1) The number x is a limit point of A.
(2) For every e >0, there exists an element
aeA suchthat 0<|a—z|<e.
(8) There ezists a sequence
{an} c AN {z} such that lima, =z.

Proof. (1) = (2) is immediate from the definition. To prove (2) = (3), by the
hypothesis of (2), there exists an element

a3 € A such that 0<|a; —2|<1.
Since |a; — | > 0, there exists an element ay € A such that

. 1 1
0<|az —x| <m1n{|a1 —x\,§} <.

2
Continuing this way we obtain a sequence {a,} of elements in A such that
1 1
0<|a,-x| < min{|an_1 -z, f} <—
n) n

for n > 2. Since % — 0, we conclude that a,, - x.
To prove (3) = (1), pick € > 0. Since we are now assuming that lima,, = z, there
exists a positive integer N such that
n>N implies |a,-z|<e.
There are infinitely many a,, with n > N, and |a,, — 2| > 0 by the hypothesis of (3).
So z is a limit point of A. O

Corollary 4.1. Let A be a non-empty subset of R. Then a real number x is not a
limit point of A if and only if there exists an €y >0 such that
ae AN{x} implies |a-zx|>¢p.

Proof. This is the negation of condition (2) in Theorem 4.1. O

Example 4.1. The set A= {1 : neZ,} has 0¢ A as its only limit point. In fact,
since % — 0, it follows that 0 is a limit point of A. On other other hand, no real
number z # 0 is a limit point of A by Corollary 4.1.

Example 4.2. The set Q of rational numbers has R as its set of limit points.
Indeed, if x is an arbitrary real number and ¢ > 0, then there exists a rational
number a such that z < a <z + ¢ (Theorem 1.3). This is equivalent to 0 <a—x <e,
which, by condition (2) in Theorem 4.1, implies that x is a limit point of Q.
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4.1.1 Ezxercises

(1) Prove that a non-empty finite set has no limit points.

(2) Prove that every point ¢ in an interval I is a limit point of I.

(3) Suppose that a < b. Prove that the set of limit points of the open interval (a,b)
is the closed interval [a,b].

(4) Prove that a closed interval is equal to its set of limit points.

(5) Prove that ¢ is a limit point of a non-empty subset A in R if and only if at least
one of the following conditions is satisfied:
(a) cis a limit point of {a € A:a < c}.
(b) ¢ is a limit point of {a € A:a > c}.

4.2 Limits of Functions

The purpose of this section is to discuss limits of a function. From now on, unless
otherwise specified, whenever we say function, we mean a function whose domain
Dom(f) is a subset of R and whose target is R.

4.2.1 Limits

Definition 4.2. Let f: A > R be a function, and let ¢ be a limit point of A. Suppose
that L is a real number. We say that the limit of f at c is L if for every sequence
{an} in A~ {c},
lima, =c¢ implies lim f(a,)=L.
In this case, we write
limf=L or f-Lasz-—c,

r—c

and say that f converges to L as x approaches c. If no such L exists, then we say
that the limit of f at ¢ does not exist.

In particular, the limit of f at ¢ is not L if there exists a sequence {a,} in A\ {c}
with lim a,, = ¢ such that {f(a,)} does not converge to L. From now on, whenever
we use the symbol lim,_,. f, the point ¢ is assumed to be a limit point of the domain
of the function f.

Observe that the limit of f at a point is really about the convergence of certain
sequences {f(a,)}, which we discussed in the previous two chapters. Many results
about sequences can be translated into the context of limits of functions, some of
which are in the exercises. The reader should be careful that in order to have
lim,_. f = L, the convergence f(ay,) — L must hold for every sequence in A\ {c}
with a,, - ¢. It is not enough to check f(a,) — L for just one sequence {a,}.

Be careful that lim,_. f, whether it exists or not, is not about the value of f(c).
In particular, lim,_,. f may exist even though f is not defined at c. Even if f is
defined at ¢, the limit lim,_,. f is not necessarily equal to f(c).
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Example 4.3. Consider the function f(z) = 6””22;;_””1_1 with domain R\ {1}. We

want to compute lim, .1 f, if it exists. Pick any sequence {an} in R~ {%} that

converges to % Since a,, # % for any n, we have

6ai—an -1
flan) = a1

:3an+1—>3(1)+1:§.
2 2

This shows that limz_% f= g, even though f is not defined at %

Example 4.4. Consider the function f:R — R defined as

1) sin (1) ifz#0,
x) =
0 ifx =0.
The reader should sketch the graph of f to visualize its behavior when x is close
to 0. On any open interval containing 0, the graph of f fluctuates between —1 and

1 infinitely often. From its graph, one can guess that lim,_ o f does not exist. To

prove it, consider the sequence with a,, = (n_%ﬂ We have a,, - 0, and

2)
1 1 if n is odd,
f(an):sin(n—f)ﬂ= nniso
2 -1 if n is even.

So the sequence {f(ay,)} is divergent, showing that lim,_ f does not exist.

4.2.2 Uniqueness of Limits

As one can expect from the uniqueness of limits of sequences, the limit of a function
at a point, if it exists, is unique.

Theorem 4.2. Let f: A — R be a function, and let ¢ be a limit point of A. If the
limit of f at c exists, then it is unique.

Proof. Suppose that lim,_..f = L and lim,_..f = L. We want to show that
L =L'. Pick any sequence {a,} in A\ {c} with lima, =¢. Such a sequence exists
by Theorem 4.1. Then

lim f(a,)=L and lim f(a,)=L"
Since the limit of a convergent sequence is unique (Theorem 2.1), we conclude that
L=1L". O
4.2.3 €-0 Characterization

Next we provide an alternative characterization of limits of a function in a form
that is closer to the definition of uniform continuity, which will be discussed in the
next section.
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Theorem 4.3. Let f: A - R be a function, ¢ be a limit point of A, and L be a real
number. Then

lim f=L

r—cC
if and only if for every e >0, there exists § >0 such that

O<|r—c|<d withxeA implies |f(x)-L|<e.

Proof. For the “only if” part, suppose that lim,_. f = L, and let € > 0 be given.
We prove the existence of the required § > 0 by contradiction, so assume that no
d > 0 satisfies the stated condition. For d§; =1, there must be an a; € A\ {¢} with

a1 —¢|<1 and |f(a1)-L|>e.
Next, for 6, = min{%, a1 - c[} > 0, there must be an as € A\ {c} with
lazg —c| <d2 and |f(az)-L|>e.

Continuing this way we obtain a sequence {a,} in A\ {c} with
1
lan, —c| <= and |[f(an)-L|>e¢
n

for each n. Since a, — ¢ and {f(a,)} does not converge to L, we conclude that L
is not the limit of f at ¢, which is a contradiction. This proves the “only if” part.

For the “if” part, suppose that the stated e-d condition is satisfied. Suppose that
{a,} is an arbitrary sequence in A\ {c} with lima,, = ¢. To show that f(a,) - L,
let € > 0 be given. Using the § > 0 from the e-d condition, we know that there exists
a positive integer N such that

n>N implies 0<]a, -¢| <.
The e-6 condition now implies that
|f(an) - Ll <€
for n > N. This shows that lim, . f = L. O
The e-d condition can be understood as follows. Given an € > 0, the value of
f(x) can be made e-close to L, provided that x € A\ {c} is chosen to be d-close

to c. Be careful that first € > 0 is given, and then § > 0 is chosen to make certain
inequality true. The value of , in general, depends on both ¢ and e.

Example 4.5. Consider the function f:R — R defined as
x?sin (1) ifx £0,
=2 o)
2 if x=0.

From the graph of f, one can see that lim,_q f seems to be 0. We will prove this
using the e-§ characterization of limits. For z # 0 we have

1 () = 0] = xZSin(l)
x
since |sin(z)| < 1 for all . Given € >0 we take ¢ = /€ > 0. Then
0<|r-0/<d implies |f(z)-0]<z?<d?=¢
This shows that lim,_o f = 0, which is different from f(0).

2
<z,
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Recall that a convergent sequence is bounded (Theorem 2.2). If the limit of a
function f exists at a point ¢, then it makes sense that f should be bounded near
c. This is made precise in the following result.

Theorem 4.4. Let f: A - R be a function, and let ¢ be a limit point of A. Suppose
that lim,_,. f exists. Then there exist real numbers 6 >0 and M >0 such that

|z —c| <& withxe A implies |f(x)]< M.

Proof. Say lim,.f is L. By Theorem 4.3, given € = 1 there exists § > 0 such
that

O<|r-c|<d withzeA implies [f(x)-L|<]1.
This in turn implies
[f (@) <|L|+ 1.
We now take

A< max{|f(c)|,|L|+1} ifce A,
|L|+1 if c¢ A.

Then we have |f(x)| < M whenever |z —¢| < ¢ with x € A. O

4.2.4 One-Sided Limits

For some purposes, such as the discussion of monotone functions in section 4.6, it
is convenient to consider limits when = approaches a point ¢ from below or above.
First we define limit from below.

Definition 4.3 (Left-Hand Limits). Let f:A — R be a function, ¢ be a limit
point of

Acc={xeA: xz<c},
and L be a real number.

(1) We say that the left-hand limit of f at c is L if for every sequence {a,} in
A<C7

lima, =c implies lim f(ay) = L.

In this case, we write limy_.- f = L, and say that lim,_.- f exists.
(2) We say that the left-hand limit of [ at c is oo (or —o0) if for every sequence
{an} in A,

lima, =c implies lim f(a,) =00 (or —o0).
In this case, we write lim,_, .- f = co (or —oc).

The definition of limit from above is similar.
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Definition 4.4 (Right-Hand Limits). Let f: A > R be a function, ¢ be a limit
point of

Asc={zxeA: z>c},

and L be a real number.

(1) We say that the right-hand limit of f at c is L if for every sequence {a,}
in Ase,

lima, =c implies lim f(a,) = L.

In this case, we write limy_.+ f = L, and say that lim,_.+ f exists.
(2) We say that the right-hand limit of f at ¢ is oo (or —o0) if for every sequence
{an} in A,

lima, =c implies lim f(a,) =00 (or —o0).

In this case, we write limy, o+ f = 0o (or —c0).

Left-hand limits and right-hand limits are both called one-sided limits. If the
one-sided limits lim, .- f and lim, .+ f are considered, then it is assumed that c
is a limit point of {z € Dom(f) : = <c} and {x € Dom(f) : = > ¢}, respectively.

As one can expect, lim,_,. f = L if and only if the two one-sided limits are equal
to L. Moreover, one-sided limits can be characterized in terms of variations of the
e-0 condition in Theorem 4.3. These statements are left as exercises for the reader.

4.2.5 FExercises

(1) Write down an e-¢ characterization of lim,_,. f # L.
(2) Suppose that f,g: A — R are functions, lim,_.. f = L, lim,_,.g = M, and a € R.

(a) Prove that lim,.af = aL, where (af)(x) = af(x) for x € A.

(b) Prove that lim,.(f+g) =L+ M, where (f+g)(x) = f(z)+g(x) for z € A.
(¢c) Prove that lim,_.(fg) = LM, where (fg)(x) = f(x)g(z) for z € A.

(d) Suppose, in addition, that g(x) # 0 for any x € A and M # 0. Prove that

hmw_,cg =L where (5)(:1:) = ;Eg for z € A.

(3) Let p(z) be a polynomial. Prove that lim,_.p = p(c).
(4) Given a function f: A —» R, define |f|: A - R by |f|(z) = |f(z)| for = € A.
(a) If lim,_. f = L, prove that lim,_.|f| =|L|.
(b) Give an example in which lim,_,.|f| exists, but lim,,. f does not exist.
(5) Given a function f: A - R satisfying f(z) > 0 for all x € A, define \/f: A - R
by V/F(x) =/f(z) for z € A.

(a) If lim,_. f = L, prove that lim,_./f = VL.
(b) Is the converse of the previous part true?

(6) Suppose that a < f(z) <b for all x € Dom(f) for some real numbers ¢ and b. If
lim, . f = L, prove that a < L <b.
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(7) Suppose that f,g,h: A — R are functions such that f(z) < g(z) < h(x) for all
xe A If im,.. f=L=Ilim,.h, prove that lim,_,.g = L.
(8) Use the e-d characterization of limits to prove the following statements.

(a) limg_o+/Z = V2.
(b) limg_i (22 +1)"t =1/2.
(c) limgoy 555 = 1/2.
(9) Determine if lim,_osin(-5) exists or not.
(10) Suppose that lim,_. f > 0. Prove that there exists § > 0 such that |z —¢| < §
with z € Dom(f) ~ {c} implies f(z) > 0.
(11) Prove that lim,.. f = L if and only if both lim, . f = L and lim,,+ f = L
(12) (a) Prove that lim,_.- f = L if and only if for every e > 0, there exists § > 0
such that 0 < ¢ -z < § implies |f(x) - L| <e.
(b) Prove that lim,_.+ f = L if and only if for every ¢ > 0, there exists § > 0
such that 0 <z — ¢ < § implies |f(x) — L] <e.
(13) (a) Prove that lim,_,.- f = oo if and only if for every real number M > 0, there
exists d > 0 such that 0 < ¢ -z < § implies f(x) > M.
(b) Prove that lim,_..- f = —oc if and only if for every real number M < 0, there
exists d > 0 such that 0 < ¢ -z < § implies f(x) < M.
(¢) Formulate and prove similar statements for lim,_,.+ f = +o0.
In each case, give an example that has the stated properties.
(a)
(b) limg_.- f exists, but lim,_,.+ f does not exist.
(¢) imy - f =L eR and lim,, .+ f = co.
(d) limye- f =00 and lim,_, .+ f = —o0.

Both lim, .- f and lim,_,.+ f exist, but they are not equal.

4.3 Continuity

In this section we study continuous functions. When a continuous function is defined
on a closed bounded interval, we will show in section 4.4 that it attains both a
maximum and a minimum on that interval. Moreover, it satisfies the Intermediate
Value Theorem. In section 4.5, we will discuss uniform continuity, a condition that
is stronger than continuity. We will see that a continuous function on a closed
bounded interval is uniformly continuous.

4.3.1 Sequential Definition of Continuity

For a function f to be continuous at a point a € Dom(f), what it should mean is
that f(z) can be made as close to f(a) as one wants, provided that x is sufficiently
close to a. As in the case of limits of a function, there are two equivalent ways to
express this concept, one in terms of sequences and the other in terms of e-§. We
begin with the first one.
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Definition 4.5. Let f: A - R be a function, and let a € A. We say that f is
continuous at « if for every sequence {a,} in A,

lima, =a implies lim f(a,) = f(a).

If f is not continuous at a, we say that f is discontinuous at a. If f is continuous
at each point in a non-empty subset B ¢ A, we say that f is continuous on B. We
call f:A - R a continuous function if f is continuous on A.

In particular, a function f is not continuous at a if there exists a sequence {a,, }
in A with lima,, = a such that {f(a,)} does not converge to f(a).

Notice that whether f is continuous at a has everything to do with the value of
f(a), unlike the case of lim,_, f. In the above definition, it is not required that
a be a limit point of A. If a is not a limit point of A, then f is automatically
continuous at a (Exercise (7) on page 111).

On the other hand, if @ is a limit point of A, then a comparison with Definition
4.2 shows that f is continuous at a if and only if

lim f = f(a). (4.1)
The reader should write down a proof of this assertion.

Example 4.6. A polynomial p(z) is continuous on all of R. Indeed, the domain of p
is R, so every point a is a limit point of Dom(p). Moreover, we have lim,_, p = p(a)
for every a (Exercise (3) on page 89).

One should not expect that functions in general have simple continuity behav-
iors. The next two examples illustrate that continuity can be a delicate issue.

Example 4.7. Consider the function xg:R — R defined as

1 ifzeQ,
XQ(SL‘)—{O f240. (4.2)

This is called the characteristic function of Q. We claim that xq is discontinuous
at every point a € R. Indeed, first suppose that a € Q, so xg(a) = 1. Pick any

sequence of irrational numbers {a,} converging to a, such as a,, =a + % Then
xq(an) =00 # xq(a),

showing that xq is discontinuous at any a € Q. On the other hand, suppose that
b¢Q, so xg(b) =0. Pick any sequence of rational numbers {b,} converging to b.
The existence of such a sequence is guaranteed by Theorem 1.3. Then

Xo(bn) =1 —>1#xq(b),

S0 xq is discontinuous at any b ¢ Q.
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Example 4.8. Consider the function f:R — R defined as
r if xe@,
f(x) = .
0 ifzé¢Q.
Note that this function is the product f = x-xg. We claim that f is continuous at
0 and is discontinuous at any = # 0. Indeed, since

[f (@) = fO)] = |f ()] <|al,
if a, - 0, then f(a,) — 0= f(0). This shows that f is continuous at 0. On the
other hand, if  # 0 and x € Q, then we pick a sequence {a,} of irrational numbers
with a,, > z. Then

@) =0-04a=f(x).

If « ¢ Q, then we pick a sequence {b,} of rational numbers with b,, > . Then

f(bn) =bn > 2 £0=f(x).

Thus, f is discontinuous at any z # 0.

4.3.2 €-0 Characterization of Continuity

Since limits can be characterized with an e-d condition, the same can be expected
of continuity.

Theorem 4.5. Let f: A — R be a function, and let a € A. Then f is continuous at
a if and only if for ever € >0, there exists § >0 such that

|z —al<dé withxeA implies |f(z)-f(a)|<e.

The proof of this theorem is almost identical to that of Theorem 4.3 and will be
left as an exercise for the reader.

Example 4.9. Consider the function f(z) = 27! defined on (0,1). We show that it
is continuous on (0,1) using the e-§ characterization of continuity. Pick any point
a € (0,1), and let € > 0 be given. We need to estimate

F@) - f@] = ]2 -1 =

T a
To make this less than €, we need a suitable lower bound of z. If we take
a’e a
0 =min{ —, = ¢,
2 2

|z —a| <6 with z € (0,1) implies x>g.

o -z

then

For such x, we have

la—x| 2la-x| 26
< <= <

[f(z) - f(a)| = g <3¢
za a a
By Theorem 4.5 this shows that f is continuous at a. Note that this § is dependent
on both a and e. A different ¢ is needed if either the point a or € is changed.
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4.3.3 FExercises

(1)
(2)

(3)

4.4

Prove Theorem 4.5.

Suppose a is a limit point of the domain of f. Prove that f is continuous at a
if and only if (4.1) holds.

Suppose that f,g: A - R are continuous at a € A.

(a) Prove that ¢f is continuous at a, where c is any real number and (¢f)(z) =
cf(x) for z € A.

(b) Prove that f + g is continuous at a, where (f + g)(z) = f(z) + g(z) for
zeA.

(¢) Prove that fg is continuous at a, where (fg)(z) = f(x)g(x) for z € A.

(d) Suppose, in addition, that g(a) # 0. Prove that g is continuous at a.

Suppose that f: A - R is continuous at a. If |f|: A - R is defined as |f|(x) =

|f(z)] for x € A, prove that |f] is continuous at a. Is the converse true?

Suppose that f:A — R is continuous at a and f(z) > 0 for all z € A. If

Vi A= Ris defined as /f(x) = \/f(z) for z € A, prove that \/f is continuous

at a. Is the converse true?

Suppose that f and g are functions with Ran(f) € Dom(g). Define the com-

position of f and g by (go f)(z) = g(f(z)) for € Dom(f). If f is continuous

at a and g is continuous at f(a), prove that go f is continuous at a.

Suppose that f is continuous at a

(a) If f(a) > 0, prove that there exists § > 0 such that |x —a| < § with x €
Dom(f) implies f(z) > 0.

(b) If f(a) < 0, prove that there exists d > 0 such that |z —a| < § with x €
Dom(f) implies f(x) <0.

For a subset S € R, define its characteristic function ys:R — R by

1 ifzelsS,

Xs(%) = {0 if2 ¢S,

Determine the points of continuity of xz, x1, and x - xi.

Extreme and Intermediate Value Theorems

One reason why continuous functions are important is that they have certain good
properties when defined on an interval. The first such result says that a continu-
ous function defined on a closed bounded interval is bounded and attains both a
maximum and a minimum. To be precise, we need the following definition.

Definition 4.6. A function f: A — R is said to be bounded if there exists

M >0 such that |f(z)|<M

for all z € A.
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Theorem 4.6 (Extreme Value Theorem). Let f:[a,b] — R be a continuous
function. Then f is bounded. Moreover, there exist o and B in [a,b] such that

fla) < f(z) < f(B)
for all x € [a,b].

Ideas of Proof. That f is bounded will be shown to be a consequence of the
Bolzano-Weierstrass Theorem and the fact that a convergent sequence is bounded.
The existence of « is shown by constructing a sequence in [a, b] whose image under
f converges to the infimum of f on [a,b].

Proof. We first prove that f is bounded by contradiction. If f is not bounded,
then there exists a sequence {a,} in I = [a,b] such that |f(a, )| = oo. Since {a,} is
bounded, it has a convergent subsequence {a,, } by the Bolzano-Weierstrass Theo-
rem 2.8. We also have |f(ay, )| = co. Since f is continuous and {a,, } is convergent,
the sequence {f(ay, )} is convergent, and hence bounded (Theorem 2.2). This is a
contradiction, so f is bounded.

Next we show the existence of « € I such that f(a) < f(z) for all x € I. We
just proved in the previous paragraph that the set {f(z) : x € I} is bounded, so
m =inf{f(x) : x € I} is a real number. It suffices to show that f(«) =m for some
a € I. For each n € Z,, there must exist z,, € I such that

1
m< f(zy) <m+—,
n

so we have f(x,) - m. By the Bolzano-Weierstrass Theorem 2.8 again, {z,} has
a convergent subsequence {z,,} with limit a € I because I is a closed bounded
interval. Since f is continuous at «, it follows that f(x,,) = f(@). But {f(as,)}
is a subsequence of {f(z,)}, so f(xn,) = m (Theorem 2.6). The uniqueness of the
limit of a convergent sequence (Theorem 2.1) now implies that m = f(«).

The existence of § is proved similarly by considering M = sup{f(x) : = € I}
instead of m. The details are left to the reader as an exercise. O

The reader should be careful that the hypothesis of I being a closed bounded
interval cannot be omitted from the Extreme Value Theorem.

The next result says that a continuous function f defined on a closed bounded
interval [a,b] has the intermediate value property: If r is strictly between f(a) and
f(b), then r = f(z) for some x € [a,b]. This seems pretty obvious. However, it does
take a bit of work to give a rigorous proof of this fact.

Theorem 4.7 (Intermediate Value Theorem). Let f:[a,b] = R be a continu-
ous function such that f(a) # f(b). If r lies strictly between f(a) and f(b), then

there exists a point

xo € [a,b] such that 1= f(x9).
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Ideas of Proof. We show the existence of xy by considering the supremum of the
set of points in [a,b] whose images under f is < r.

Proof. There are two possibilities. We have either

fla)y<r< f(b) or f(b)<r<f(a).

We will consider the first case and leave the similar second case to the reader as an
exercise. Consider the set

S={xela,b]: f(x)<r},

which is non-empty because a € S. Its least upper bound zo = sup S is still in [a, b].
We will prove that f(xo) =r.
For each n € Z,, there exists z,, € S such that

x9— — <Zp < T,
n
so we have x,, > xg. By the continuity of f, we have f(x,) = f(z0), so
f(Io) <r
because each f(x,) <r. It remains to show that f(z¢) > r as well. Consider
1
wy, = min {b,xo + f} € [z0,b] € [a,b].
n
Each w,, satisfies
To LWy <To+ —,
n
S0 wy, = xg. The continuity of f implies that f(wy) - f(z¢). Now since
1
2o+ —>x0=supS and f(b)>r,
n
we know that w,, ¢ S. Therefore, we have f(w,) >r for each n. This implies that
f(x(]) >,
as desired. (]

It should be emphasized that the previous two theorems give sufficient condi-
tions, namely, being continuous on a closed bounded interval, that guarantee that
a function has the extreme and intermediate value properties. However, being con-
tinuous on a closed bounded interval is not necessary for a function to have such
properties. For example, as we will see in the next chapter, the derivative of a
function need not be continuous. However, it does have the intermediate value
property.
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4.4.1 FEzxercises

(1) Finish the proof of Theorem 4.6 by proving the existence of £.

(2) Finish the proof of Theorem 4.7 by proving the case f(b) <r < f(a).

(3) Let f:I - R be a continuous function, where I is a closed bounded interval.
Prove that f(I) = {f(x) : = € I} is either a single point or a closed bounded
interval.

(4) Let f:I — R be a continuous function, where I is an interval. Prove that f(I)
is either a single point or an interval.

(5) Let f:[a,b] - R be a continuous function such that f(a)f(b) < 0. Prove that
f(c) =0 for some ce (a,b).

(6) Let f:[0,1] = [0,1] be a continuous function. Prove that it has a fixed point,
i.e., a point a € [0,1] such that f(a) = a.

(7) Show by a counterexample that the conclusions of the Extreme Value Theorem
do not have to hold if the domain of the continuous function is an open bounded
interval.

(8) Give an example of a function f:[a,b] - R that is not continuous somewhere
in [a,b] but that satisfies the conclusions of both the Extreme Value Theorem
and the Intermediate Value Theorem.

4.5 Uniform Continuity

In the e-§ characterization of continuity, it makes sense that smaller values of 6 > 0
are needed if € > 0 is getting smaller. For a fixed € > 0, is it possible that one § will
work for all the points a in Dom(f)? We need the following concept to make this
idea precise.

Definition 4.7. A function f: A - R is said to be uniformly continuous on A if
for every € > 0, there exists § > 0 such that

lap — a1] < § with ag,a; € A implies |f(ag) — f(a1)| <e.

So a function f: A — R is not uniformly continuous on A if and only if there
exists €g > 0 such that for every § > 0, there exist

ag,a; € A with |ag —a1| < such that |f(ag) - f(a1)| 2 eo-

To explain the definition a bit further, a function f: A — R is uniformly contin-
uous if and only if the following is true. For each € > 0, there exists § > 0 such that,
given any two points ap and a; in A that are within & of each other, their images
under f are guaranteed to be within € of each other. It is in this sense that this §
works for all the points in A.

We now show that uniform continuity implies continuity.

Theorem 4.8. Let f: A > R be uniformly continuous on A. Then f is continuous
on A.
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Proof. Pick any point a € A. To prove that f is continuous at a, let € > 0 be
given. Since f is uniformly continuous on A, there exists § > 0 such that

lag — a1] < § with ag,a; € A implies |f(ao) - f(a1)|<e.
In particular, we have that
|z —a|<d with xe A implies |f(z) - f(a)|<e,
so f is continuous at a. O

The converse of the above theorem is false. In other words, there are continuous
functions that are not uniformly continuous. The next example gives one such
function.

Example 4.10. Consider once again the function f(z) = 27! with domain (0,1).
We showed in Example 4.9 that f is continuous on (0,1). Now we show that f is
not uniformly continuous on (0,1). With ¢y = 1 we will show that no § > 0 can
satisfy the condition in Definition 4.7. Indeed, given any § > 0, we can take

1
ag = min{é,f} and ap = o
2 2
Then
ap 0
—ay|=— < =<6.
a0 =l =57 < 3
Moreover, we have
1 1 1
— ——|=—>1=¢.
Qo aq Qg

So f is not uniformly continuous on (0,1).

Theorem 4.8 and Example 4.10 together imply that uniform continuity is strictly
stronger than continuity in general. This leads naturally to the following question.
Is there a simple additional condition that can guarantee that a continuous function
is uniformly continuous? The following result provides one simple answer to this
question.

Theorem 4.9. Let f:1 - R be a continuous function, where I = [a,b] is a closed
bounded interval. Then f is uniformly continuous on I.

Ideas of Proof. We will show that, if f is not uniformly continuous, then there
are two sequences whose images under f are separated by a certain fixed distance.
But they also have subsequences converging to the same point. The continuity of
f will then lead to a contradiction.

Proof. We prove this by contradiction. If f is not uniformly continuous on I,
then there exists ¢y > 0 such that for every § > 0, there exist ag,a; € I with

lag —a1|<d and |f(ao) - f(a1)| > e€o-
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So for each n € Z,, there exist z.,,,w,, € I such that

|z — wa| < % and |f(z,) - f(wy)| 2 €o- (4.3)

Since the sequence {x,} is bounded, by the Bolzano-Weierstrass Theorem 2.8 it has
a convergent subsequence {x,, } with limit, say, = € I. The continuity of f implies
that f(xy, ) — f(z). Moreover, we also have

1

[Ty, = wn, | < P

SO Wy, — x as well. The continuity of f then implies that f(w,,) — f(x). Thus,
the sequence {f(z,,) - f(wn, )} converges to 0, which contradicts (4.3). So f must
be uniformly continuous. O

4.5.1 FEzxercises

(1) Let @ > 0 be a real number. Consider the function f:[a,o0) - R defined as
f(z) =271, Prove that f is uniformly continuous.

(2) Consider the function f(z) = 2? with domain R. Prove that f is not uniformly
continuous.

(3) Prove that the function f:(0,1) - R defined as f(x) = 72 is not uniformly
continuous.

(4) Let f,g: A > R be uniformly continuous functions, and let ¢ be a real number.

(a) Prove that ¢f is uniformly continuous.

(b) Prove that f + g is uniformly continuous.

(¢) Give an example in which fg is not uniformly continuous. In other words,
the product of two uniformly continuous functions is not necessarily uni-
formly continuous.

(5) Give an example in which neither f: A - R nor g: A — R is uniformly continuous,
but the product fg: A — R is uniformly continuous.
(6) Let f: A - R be uniformly continuous, and let {a,} be a Cauchy sequence in

A.

(a) Prove that {f(a,)} is a Cauchy sequence.
(b) Show by an example that the previous part is false if f is only assumed to
be continuous.

(7) Let f:(a,b) - R be uniformly continuous. Show that f can be extended to a
continuous function on [a,b] as follows.

(a) If {x,} is a convergent sequence in (a,b), prove that {f(x, )} is a convergent
sequence.

(b) Suppose that {z,} and {y,} are two sequences in (a,b) converging to a.
Prove that the limits of {f(z,)} and {f(y,)} are equal.
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(¢) If {x,} is any sequence in (a,b) converging to a, define f(a) = lim f(z,).
Prove that f(a) is well-defined and that the extended function f is contin-
uous at a.

(d) Repeat the steps above for the other end point b to extend f to a continuous
function on [a,b].

The continuous function f:[a,b] - R constructed above is called a continuous
extension of the original function f.

(8) Give an example of a bounded continuous function f:(a,b) - R that cannot be
extended to a function that is continuous at a.

4.6 Monotone and Inverse Functions

For an integer n > 2, it is possible to show directly that the function g(z) = zw
defined on [0, 00) is continuous. However, whether one uses the sequential definition
or the e-0 characterization of continuity, showing that g is continuous directly does
involve quite a bit of work, especially if n is large. For example, try it for n = 7.

Notice that g is the inverse function of f(x) = 2™ defined on [0,00). Since
h(x) = z is continuous on R, it follows that f is continuous as well (Exercise (3) on
page 93). This leads naturally to the following question. Is it possible to conclude
from the continuity of f that its inverse function is continuous? If this is true, then
it would save us a lot of work when dealing with inverse functions.

As you will see in this section, under some reasonable assumptions, the answer
to the question above is yes. In particular, we can, in fact, conclude from the
continuity of f(z) = 2™, with domain [0, %), that its inverse function g(z) =z is
continuous on [0, 00). We begin with some relevant definitions.

4.6.1 Monotone Functions

Definition 4.8. Let f: A - R be a function.

We say that f is increasing if a < b in A implies f(a) < f(b).

We say that f is strictly increasing if a <b in A implies f(a) < f(b).

We say that f is decreasing if a < b in A implies f(a) > f(b).

We say that f is strictly decreasing if a <b in A implies f(a) > f(b).

We say that f is monotone if f is either increasing or decreasing.

We say that f is strictly monotone if f is either strictly increasing or strictly
decreasing.

)
)
)
)
)
)

A~ N~~~
=~

Monotone functions will appear again in the next section when we discuss func-
tions of bounded variation. Moreover, they are often used in applications in statis-
tics, physics, and engineering. For example, cumulative distribution functions in
probability theory are monotone functions. Furthermore, monotone functions de-
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fined on a closed bounded interval are Riemann integrable, as we will show in a
later chapter.

Example 4.11. For a positive integer n, both f(z) = 2" and g(z) = 2w with
domain [0, c0) are strictly increasing. The function 22 with domain [-1, 1] is neither
increasing nor decreasing.

A function h is (strictly) increasing if and only if —h is (strictly) decreasing. A
strictly monotone function f is injective, so it has an inverse function f=' ((1.1) on

p. 6).

We want to show that if f is strictly monotone and continuous on an interval,
then its inverse function is also strictly monotone and continuous. To prove this,
we need the following result.

Theorem 4.10. Let f:I — R be a strictly monotone function on an interval I such
that f(I) is also an interval. Then f is continuous on I.

Ideas of Proof. One can visualize this result as follows. If f is not continuous at
some point a € I, then since f is strictly monotone, there must be a “jump” in the
graph of f at the point a. But this jump would violate the hypothesis that f(I) is
an interval. So f must be continuous on I.

Proof. We will consider the case when f is strictly increasing. The strictly de-
creasing case can be dealt with by considering —f. Pick a point a € I. We must
show that f is continuous at a. Let € > 0 be given. First consider the case when a
is not an end point of I.

Since a is not an end point of I and f is strictly increasing, f(a) is not an end
point of the interval f(I). So there exists dp > 0 with dp < € such that the closed
interval [f(a) - do, f(a) + do] is contained in f(I). There exist unique elements «
and (8 in I with o < a < 8 such that

fla)=f(a)=do and f(B)=f(a)+do.
If we take 6 = min{a — o, 8 — a}, then
|z —al| <6 implies a<a-d<zr<a+d<p.
Since f is strictly increasing, we have f(«) < f(z) < f(8). This implies that
fla) —e< f(a)-do = f(a) < f(z) < f(B) = f(a) +do < f(a) +¢,
from which we conclude that
@) - fa)] <e.

This proves that f is continuous at a.

Next suppose a is the left end point of I, so I = [a,b], [a,b), or [a,00). Then
f(a) is the left end point of f(I) because f is strictly increasing. There exists dg > 0
with dg < € such that

[f(a), f(a) +do] € F(I).
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So there exists a unique point § € I with
B>a and f(B) = f(a)+d.
If
|lt—al<d=58-a
with x € I, then
a<z<f and f(a) < f(z)<f(B)< fla)+e.

Thus, we have

0< f() - f(a) <c.
showing that f is continuous at a. A similar argument can be used when a is the
right end point of I. The details of this case is left to the reader as an exercise. [

4.6.2 Continuity of Inverse Functions

We now use the previous theorem to show that the inverse function of a strictly
monotone continuous function on an interval is also continuous.

Theorem 4.11. Let f be a strictly monotone continuous function whose domain
is an interval I. Then its inverse function f=! is a strictly monotone continuous
function on f(I).

Proof. Since f is strictly monotone, it is injective and has an inverse function
f~! with domain f(I) and range I. Since f is continuous and injective, the set
f(I) is an interval (Exercise (4) on page 96). We first show that f! is also strictly
monotone.

Suppose that f is strictly increasing. We will show that f~! is also strictly
increasing. Pick yo <y in f(I). Then there are unique points xg and 7 in I such
that

f(zo) =yo and f(z1)=y1.

Since f is strictly increasing and o < y1, we have x¢ < ;. By the definition of f1,
we have

FH wo) = w0 <z1 = fH (1),
This shows that f~! is also strictly increasing. A similar argument shows that if f
is strictly decreasing, then so is f71.
Now f~1 is strictly monotone, whose domain is the interval f(I). Moreover, we
have f~1(f(I)) = I, which is also an interval. Thus, Theorem 4.10 implies that f~!
is continuous on f(I). O

Example 4.12. For every positive integer n, the function f(x) = 2" defined on
[0,00) is strictly increasing and continuous. Its range is also [0,00). Theorem
4.11 tells us that its inverse function f~!(z) = zw is also strictly increasing and
continuous on [0, c0).
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4.6.3 Points of Discontinuity

While a monotone function defined on an interval may not be continuous at all
the points of its domain, we now show that it does not have too many points of
discontinuity.

Theorem 4.12. Let f:(a,b) - R be a monotone function for some a <b. Then f
is discontinuous at at most countably many points in (a,b).

Ideas of Proof. We show that, if f is not continuous at a point ¢, then the
monotonicity of f forces it to have a “jump” at ¢, inside of which we will pick
a rational number. The countability of @ will then be used to make the desired
conclusion.

Proof. We will consider the case when f is increasing. The decreasing case can
be dealt with by considering —f. It suffices to show that the set of points of discon-
tinuity of f is a subset of a countable set.

Suppose that f is discontinuous at a point ¢ in (a,b). Since c is a limit point of
(a,b), we know that

7(e)#1im . (4.4)
Since f is increasing, both
ac=sup{f(z): ¢c>x€(a,b)} and B.=inf{f(z): c<ze(a,b)}
are real numbers. We claim that
o= fimf and So=Jim f.

To prove this, we use the e-d characterization of one-sided limits (Exercise (12) on
page 90). Let € > 0 be given. There must exist x¢ < ¢ in (a,b) such that

e — €< f(@0) < .
Take § = ¢ — zg. Then
O<c—-x<d implies zp<x<ec,
so we have
ae—€< f(xo) < f(x) < a.
So
|f(z) —acl<e if O0<c-xz<3,

and we conclude that lim, .- f = a.. A similar argument shows that lim,_, .+ f = ..
Now if both inequalities in

lim f=a.<f(c) <P = lim f
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are equalities, then we would have f(c) = lim,_.f (Exercise (11) on page 90),
contradicting (4.4). Thus, one of the above inequalities must be strict, so a. < fe.
Choose any rational number ¢, in (ag,8.), which is possible by Theorem 1.3.

Starting at a point ¢ of discontinuity of f, we have associated a rational number
g to it. Moreover, if d > ¢ is another point of discontinuity of f, then the increasing
hypothesis on f implies that 5. < ag, so

ge < Be < g < qa-
Since distinct points of discontinuity of f give rise to distinct rational numbers and
the set Q of rational numbers is countable, the theorem is proved. O

An interval (a,b) is an uncountable set. Theorem 4.12 says that a monotone
function defined on (a,b) is continuous except possibly on a countable or finite
subset.

There is a sort of converse to Theorem 4.12. Suppose that I is a bounded interval
and that S is a finite or countable subset of I. Then there exists a monotone function
f with domain I whose set D of points of discontinuity is exactly S. In fact, we
can even insist that f be strictly increasing (or strictly decreasing, if one wishes).
These issues are explored further in the exercises.

4.6.4 FEzxercises

(1) Consider the function g(z) = z# for some positive integer n.

(a) Prove that g(z) is uniformly continuous on [0,1].

(b) Prove that g(z) is uniformly continuous on [1, c0).

(¢) Using the previous two parts or otherwise, prove that g(x) is uniformly
continuous on [0, c0).

(2) For integers n > 2, prove that f(z) = 2™ is not uniformly continuous on [0, o0).
Together with the previous exercise, this shows that uniform continuity is not
preserved by the process of taking inverse functions.

(3) Suppose that f:I — R is continuous on an interval I = [a,b] and that f is
injective.

(a) If f(a) < f(b), prove that f is strictly increasing.
(b) If f(a)> f(b), prove that f is strictly decreasing.
(4) Suppose that f,g: A - R are increasing functions.

(a) For a real number ¢, prove that c¢f is increasing if ¢ > 0 and is decreasing if
c<0.
(b) Prove that the sum f + g is increasing.
(5) Suppose that f,g: A — R are increasing functions.
(a) Give an example in which the product fg is not monotone.
(b) If, in addition, f(x) > 0 and g(z) > 0 for all z € A, prove that fg is
increasing.
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(6) Suppose that there is a sequence of disjoint intervals I,, (n € Z,) such that
R=U;" I, Let f:R — R be a function such that f is monotone on each I,,.
Prove that f is continuous on R, except possibly on a finite or countable set.

(7) Give an example of a bijective function f:[0,1] = [0,1] whose inverse function
f7! is not continuous at at least one point in [0,1].

(8) Let f:[a,b] — R be a monotone function. Prove that the set of points of
discontinuity of f is either finite or countable.

(9) Let f:(a,b) - R be an increasing function, and let ¢ be a point in (a,b).

(a) Prove that
$1Lr£1+f—ggll)ncl_f =inf{f(w) - f(z) : r<c<w,x,wel}.
(b) Prove that f is continuous at ¢ if and only if
inf{f(w)-f(z): x<c<w,z,wel}=0.
(10) Consider the step function J:R — R defined as
J@) :{0 if 2 <0,
1 ifz>0.

(a) Prove that J is continuous on R\ {0} and discontinuous at 0.
(b) Suppose that 1 < 25 < - < 2, are n distinct points in R and a4, ..., a, are
n positive real numbers. Sketch the graph of the function

n
f(x) =" apd(x - x). (4.5)
k=1
(c) Prove that f is an increasing function.
(d) Prove that f is continuous on R ~ {xj,...,z,} and discontinuous at
LlyeeeyTp.

The function f is thus a monotone function with a prescribed finite set of points
of discontinuity.

(11) Suppose that x; < 29 < -+ < x,, are n distinct points in R. Construct a strictly
increasing function f:R — R that is continuous on R~ {x1,...,2,} and discon-
tinuous at x1,...,ZTn.

4.7 Functions of Bounded Variation

We saw in the previous section that monotone functions have some nice properties.
For example, a monotone function is continuous except possibly on a countable set.
They are also closed under scalar multiplication, and the sum of two increasing
functions is increasing (Exercise (4) on page 103). However, the difference and
product of two monotone functions are not necessarily monotone (Exercise (5) on
page 103).
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For many purposes it is convenient to have a larger class of functions, containing
all the monotone functions, that are closed under taking scalar multiples, sums, and
products. In particular, such a class of functions must contain functions of the form
f = g—-h, where g and h are increasing. The class of differences of increasing
functions, called functions of bounded variation, has the desired properties (see the
exercises).

4.7.1 Variation

We will define functions of bounded variation in terms of the concept of variation,
which measures how much the function fluctuates. Then we will show that they are
equivalent to differences g — h of increasing functions.
For the definition below, we need the concept of partition.
Definition 4.9. A partition of [a,b] is a finite ordered set
P={a=xz¢g<z < <xy =b}.
The points xg, ..., x, are called the partition points of P.

So a partition P divides the interval [a,b] into n sub-intervals. Here n can be
any positive integer, so the simplest partition of [a,b] is P = {a < b}.

Definition 4.10. Let f:[a,b] = R be a function, and let [¢,d] € [a,b] be a sub-
interval.

(1) Suppose P = {xy < - < x,} is a partition of [¢,d]. The variation of f with
respect to P is the sum

V(f;P) = Z |f(951c) - f(xk—1)|'
k=1
(2) The variation of f on [c,d] is defined as the extended real number
V(f;[e,d]) =sup{V(f;P) : P a partition of [¢,d]}.

If V(f;[ec,d]) is finite, then we say that f is of bounded variation on [c,d].
Otherwise, we take

V(f;[e,d]) = oo.
The simplest functions of bounded variation are monotone functions.

Theorem 4.13. Every monotone function on [a,b] is of bounded variation.

Proof. Suppose f is an increasing function on [a,b]. Let P = {zg < - < z,,} be
any partition of [a,b]. Then we have a telescoping sum:

V(f;P) = kz 1 (an) — Far)]

= (f(z1) = f(zo)) + (f(z2) = f(z1)) + -+ (f(zn) = f(zn-1))
= f(xn) — f(xo) = f(b) - f(a) < co.
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Since this is true for any partition P of [a,b], we have shown that

V(f;la,b]) = f(b) - f(a)
for an increasing function f, which is, therefore, of bounded variation. The case

where f is decreasing is left as an exercise. O

There are, however, functions of bounded variation that are not monotone.

Example 4.13. Consider the function f(z) = |z| defined on [-1,1], which is not
monotone. We show that f is of bounded variation. With the partition {-1,0,1},
we see that

V(i [F1,1]) 2 [f£(0) = fF(=D) +[f(1) - F(0)] = 2.
On the other hand, let P = {xg < --- < z,} be any partition of [-1,1]. If one extra
point w is added to the partition P to make a new partition ), then

V(f;:Q)2V(f; P).
Indeed, if 1 < w < x, then the Triangle Inequality gives
|f(@r) = flzr-0)] < [f(zr) = fw)] +]f(w) = f(@p-1)].
This shows that V(f; P) <V (f;Q).
Let @Q be the partition obtained from P by addition the point 0, if it is not already
in P. Since f is decreasing on [-1,0] and increasing on [0, 1], the telescoping sum
computation in Example 4.13 shows that

V(i P)<V(f;Q) = (f(=1) - f(0)) + (f(1) - £(0)) = 2.
Since this is true for any partition P of [-1,1], we conclude that
V(f;[-1,1]) < 2.
Together with the previous paragraph, we have V(f,[-1,1]) =2, so f is of bounded
variation but not monotone.

4.7.2 Variations on Different Intervals
Theorem 4.14. Suppose f is a function of bounded variation on [a,b], and [c,d] €
[a,b]. Then f is of bounded variation on [c,d], and
V(file,d]) <V(f;[a,b]).
Proof. Suppose that P = {zg <--<x,} is a partition of [¢,d]. Then
Q={a<zy< <z, <b}

is a partition of [a,b], where a is inserted into P as the first point in @ if a < ¢, and
b is inserted as the last point in @ if d < b. We have

V([ P) <V (f;Q) <V(f;[a,b]).
Since this is true for any partition P of [¢,d], we conclude that
V(file,d]) <V (f;[a,b]) < oo,
as desired. O
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The following result is a sort of converse to Theorem 4.14. It will also be used
to characterize functions of bounded variation as differences of increasing functions.

Theorem 4.15. Suppose a < ¢ < b, and [ is of bounded variation on [a,c] and on
[c,b]. Then

V(f;la,0]) =V (f;[a,c]) + V(f;[c,0]), (4.6)

and f is of bounded variation on [a,b].

Ideas of Proof. The main point is that it is possible to add a point to a given
partition, as in Example 4.13. Moreover, the desired equality holds for a fixed
partition of [a,b] that includes c.

Proof. The assertion that f is of bounded variation on [a,b] will follow from the
equality (4.6), since V(f;[a,c]) and V(f;[¢c,b]) are assumed to be finite. To prove
(4.6), let P = {xg < --- < x,,} be any partition of [a,b]. The following argument is
similar to the one used in Example 4.13. Let @ be the partition of [a,b] obtained
from P by adding the point ¢, if it is not already in P. Then @ gives rise to the
partitions

Qr={a=x9<-<c} and Qo={c<-<z,=0b}
of [a,c] and [c,b], respectively. As in Example 4.13, we have
V(f;P)<V(f;Q)=V(f;Qu) +V(f;Q2) <V(fila,c]) + V(fi[e,b]).
Since this is true for any partition P of [a,b], we infer that
V(f;la,b]) <V (f;la,c]) + V(f;[e,b]) < oo. (4.7)

It remains to prove the reverse inequality.
Pick any partitions

P={xg<-<x,=c} and Pr={c=x, < <Zpys}

of [a,c] and [c,b], respectively. Splicing these partitions together, we obtain a
partition

P={zg<<Zp < <Tpps}

of [a,b] with z,. = ¢. Then we have
V(f;P1)+V(f; P2) =V(f; P) <V (f;[a,b]).
Since this is true for any partition P; of [a, c], we have
V(fila,c]) +V(f; P2) <V(fi[a,b]).
Likewise, this is true for any partition P of [¢,b], so
V(fila,c]) + V(f;leb]) < V(f;[a,b]).

Combining this inequality with (4.7), we conclude that (4.6) is true. O
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4.7.3 Characterization

Now we are ready to show that every function of bounded variation can be written
as the difference of two increasing functions.

Theorem 4.16. Suppose [ is a function of bounded variation on [a,b]. Then there
exist increasing functions g, h:[a,b] > R such that f =g - h.

Proof. Consider the function g:[a,b] > R defined as

0 if z=a,
9(z) = {V(f; [a,z]) ifa<z<b. (48)

This function g is well-defined by Theorem 4.14. First we observe that g is increas-
ing. For a < c <d < b, Theorem 4.15 implies that

9(d) =V (f;[a,d]) = g(c) + V(f;[c,d]),

SO

9(d) = g(c) = V(f;[e,d]) 2 0.
Thus, g is increasing. We define h as the difference h = g — f. Then f =g - h, so it
remains to show that h is increasing.
For a < ¢ < d < b, using the trivial partition {c < d} of [¢,d], we have

9(d) = g(c) = V(f;[e,d]) 2 [f(d) = f(c)| 2 f(d) = f(c).

So we have

h(d) = g(d) - f(d) 2 g(c) - f(c) = h(c),
and h is, therefore, increasing. O

Theorem 4.16 allows us to carry certain nice properties of monotone functions to
functions of bounded variation. For example, since monotone functions are Riemann
integrable, so are functions of bounded variation. The following result gives another
example.

Corollary 4.2. Suppose f is a function of bounded variation on [a,b]. Then the
set of points of discontinuity of f is either finite or countable.

Proof. Write f as g—h, where g and h are increasing, hence monotone, functions.
Each of g and h has at most countably many points of discontinuity (Theorem 4.12).
If f is discontinuous at a point ¢, then at least one of ¢ and h is discontinuous at
c. So the set of points of discontinuity of f is a subset of the union of two finite or
countable sets, which is at most countable. O

The converse of Theorem 4.16 is also true. In other words, if g, h:[a,b] > R are
increasing functions, then their difference f = g - h is of bounded variation on [a, b]
(Exercise (4) below). Thus, functions of bounded variation are exactly differences
of increasing functions. Some nice properties of the class of functions of bounded
variation are explored in the exercises.
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4.7.4 Ezercises
(1) Let f:[a,b] = R be of bounded variation on [a,b]. Prove that
[f (@) <[f(a)[+V(f;[a,b])

for all x in [a,b]. In particular, f is bounded on [a,b].
(2) Finish the proof of Theorem 4.13 by proving the decreasing case.
(3) Let f,g:[a,b] = R be of bounded variation on [a, b].

(a) For a real number ¢, prove that ¢f is of bounded variation on [a, b].
(b) Prove that f + g is of bounded variation on [a,b].

(¢) Prove that f — g is of bounded variation on [a,b].

(d) Prove that the product fg is of bounded variation on [a,b].

These properties imply that functions of bounded variation on [a,b] form an
algebra of functions. In general, an algebra of functions is a set of functions
that is closed under scalar multiplication, addition, and product.

(4) If g, h:[a,b] = R are increasing functions, prove that their difference f =g—h
is of bounded variation on [a,b].

(5) Let f:[a,b] = R be of bounded variation on [a,b]. Suppose that there exists
a real number r > 0 such that f(z) > r for all x € [a,b]. Prove that % is of
bounded variation on [a, b]. '

(6) In each case, compute the variation V' (f,[a,b]).

(a) f(z)=sin(z) and [a,b] = [0, 27].
(b) f()=cos?(z) and [a,b] = [0,7].
(c) f(x)=2%-2 and [a,b] = [-2,2].
(7) Consider the function f defined on [0,1] as

~ sin(1) if x #0,
f(x)_{o if 2= 0.

(a) Prove that f is bounded on [0, 1].
(b) Prove that f is not of bounded variation on [0, %] So a bounded function
is not necessarily of bounded variation.
(c) If 0<a< X, prove that f(z) =sin(2) is of bounded variation on [a, 1].
(8) Let f:[a,b] = R be of bounded variation on [a,b].

(a) Prove that lim,,.- f exists when a < ¢ <b.
(b) Prove that lim,_.+ f exists when a < ¢ <b.

(9) Let f:[a,b] = R be of bounded variation on [a,b]. Suppose that f is continuous
on (a,b). Prove that f is uniformly continuous on (a,b).
(10) Let f:[a,b] > R be a function. Suppose that P = {z < --- < 2, } is a partition
of [a,b] such that f is monotone on each subinterval [zp_1,zk].
(a) Compute V(f;[a,b]) in terms of f(xy) for k=0,1,...,n.
(b) Prove that f is of bounded variation on [a,b].
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Prove that the characteristic function xg (4.2) is not of bounded variation on
[a,b].

Let f:[a,b] > R be a function, and let P be a partition of [a,b]. Suppose that
@ is another partition of [a, b] such that all the points in P are also in Q. Prove
that V(f; P) <V(f;Q).

Let f:[a,b] = R be of bounded variation on [a,b], and let g be defined as in
(4.8).

(a) Prove that g(x) >0 for all x € [a, b].

(b) Prove that V(f;[a,b]) =V (g;[a,b]).

(¢) If g is continuous at ¢ € (a,b), prove that f is also continuous at c.

Let f:[a,b] - R be of bounded variation on [a, b]. Prove that there exist strictly
increasing functions f1, fo:[a,b] — R such that f = f; - fo.

Let r be a real number with 0 < 7 < 1. Consider the function ¢:[0,1] - R
defined as

moifr= % with n odd,

g(x)={r" ifx= % with n even,

=T

0 otherwise.

Prove that g is of bounded variation.
Consider the function h:[0,1] - R defined as

n

1 if z =1 with n even,

h(z) = .
0 otherwise.

Prove that h is not of bounded variation.

Show by an example that the composition f o g of two functions f and g of
bounded variation is not necessarily of bounded variation.

4.8 Additional Exercises

(1) Let f:[a,00) — R be a function, and let L be a real number. We write

limge f = L if for every sequence a, — oo with each a, > a, we have
f(a,) — L. In this case, we say that the limit of f at oo is L. Prove
that lim,_,. f = L if and only if for every € > 0, there exists M >0 with M > a
such that « > M implies |f(z) - L| <e.

(2) Using the previous exercise as a guide:

(a) Write down a reasonable definition of lim,_,_o, f = L in terms of sequences.
(b) Prove an e-M characterization of lim,_,_o f = L.

(3) Let f:[a,00) = R be a continuous function such that lim,_,. f exists. Prove

that f is uniformly continuous on [a, ).
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Let f:[a,00) = R be a function. We write lim,_, . f = oo if for every sequence

a, — oo with each a, > a, we have f(a,) — oo. Prove that lim, . f = oo if

and only if for every a > 0, there exists M > 0 with M > a such that x > M

implies f(x) > a.

Using the previous exercise as a guide:

(a) Write down a reasonable definition of lim, e f = —oco in terms of se-
quences. Then prove an a-M characterization of lim,_ . f = —oo.

(b) Repeat (a) for lim,,_o f = co.

(¢) Repeat (a) for lim,_,_o f = —o00.

Let f:[a,b] = R be a monotone function. Prove that every subinterval [¢,d] ¢

[a,b] contains uncountably many points at which f is continuous.

Suppose that a € A € R. We say that a is an isolated point of A if there

exists an open interval J such that Jn A ={a}.

(a) Prove that a is an isolated point of A if and only if it is not a limit point
of A.

(b) Let f: A - R be a function. Prove that f is continuous at every isolated
point of A.

Let f be a polynomial with odd degree. Prove that there exists a € R such
that f(a) = 0.
Let f,g9: A - R be two functions. Define h: A - R as

f(@) if f(z) 2 g(x),
g(z) if f(z) <g(x).
(a) If f and g are both continuous at a € A, prove that h is continuous at a.

(b) Prove that F(z) = max{f(x),0} is continuous at any point at which f is
continuous.

Let f:[0,2] - R be a continuous function such that f(0) = f(2). Prove that
there exists a € [0,1] such that f(a) = f(a+1).

Let f:[a,b] = R be a continuous function. Suppose that the set f([a,b]) is
either finite or countable. Prove that f is a constant function, i.e., f(z) = ¢
for all z € [a,b] for some fixed real number c.

Let f: A - R be a uniformly continuous function on a bounded set A.

(a) Prove that f is bounded on A.
(b) Show by examples that f may not be bounded on A if it is merely assumed
to be continuous or if A is not bounded.

h(z) = max{f(z),g(x)} = {

A function f:R — R is said to be p-periodic if there exists p > 0 such that
flx+p) = f(x) for all x € R. For example, sin(x) is 2w-periodic with p = 2.
Prove that a continuous periodic function is uniformly continuous and bounded
on R.

Let f:[a,b] > R be a continuous function such that f(a) = f(b). Prove that
there exists a periodic uniformly continuous function g:R — R such that g(x) =
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f(x) for x € [a,b]. Such a function g is called a periodic extension of f to
R.

A function f:A — R is called a Lipschitz function if there exists a real
number M > 0 such that

|f(a) = f(b)| < Mla—b|
for all a,be A.

(a) Prove that a Lipschitz function is uniformly continuous.

(b) Prove that f(x)=+/z:[c,00) - R for any ¢ > 0 is a Lipschitz function.

(¢) Give an example of a uniformly continuous function that is not a Lipschitz
function.

In each case, determine whether the function f: A - R is a Lipschitz function.
(a) f(x)=22and A=[a,b].

(b) f(z) =22 and A=10,00).

(¢) f(z) =12 and A=[1,b] for some b> 1.

(d) f(z)=-15 and A=R.

T322
Let f,g9: A = R be Lipschitz functions.
(a) Prove that f +g: A > R is a Lipschitz function.

(b) Suppose, in addition, that f and g are bounded on A. Prove that the
product fg: A — R is a Lipschitz function.

Consider the function f:(0,00) - R defined as

L if 2 € Q with = 2 in lowest terms,
f) =1 q
0 ifzéQ.

(a) Prove that f is discontinuous at every rational z € (0, c0).
(b) Prove that f is continuous at every point x ¢ Q with z € (0, c0).

This is called the Thomae function.
Counsider the function f:[0,1] - [0, 1] defined as

K if xeQ,
f(x)_{l—sc if x ¢ Q.

(a) Prove that f is a bijection.
(b) Prove that f is not monotone on any subinterval of [0, 1].
(¢) Prove that f is continuous at 3 and discontinuous on [0, 3) U (3,1].

This exercise illustrates that a function defined on a closed bounded interval
may satisfy the conclusion of the Intermediate Value Theorem without being
continuous on any subinterval.

Let f: A - R be a function, and suppose that a € A. We say that f is left
continuous at a if for every sequence a,, > a with each a, € A and a, < a,
the sequence {f(a,)} converges to f(a).
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(a) Prove that f is left continuous at a if and only if for every e > 0, there
exists § > 0 such that 0 < a -z < § with = € A implies |f(z) - f(a)| <e.

(b) Give a reasonable definition of right continuous at a.

(¢) Prove an e-0 characterization of right continuity.

(d) Prove that f is continuous at a if and only if f is left continuous at a and
right continuous at a.

Give an example in which a function f is left continuous at a point a but is
not right continuous at a.
Consider the function f:[1,3] - R defined as

1
4z +1\2 .
fz) = (714:13—3) if 1<z <2,
3x -2 if2<x<3.

Determine if f is left continuous at 2, right continuous at 2, or neither.
Let {x,} be a strictly increasing convergent sequence, and let ¥ a,, be a con-
vergent series with each a,, > 0. Define a function f:R - R as

f(z) = i and (2~ ),

where J(z) is the step function from Exercise (10) on p. 104.

(a) Prove that f is a well-defined increasing function.

(b) Prove that f(z) =0 for x < zy and f(z) = Y a, for z > limx,,.
(¢) Prove that f is continuous on R\ {z,:n € Z, }.

(d) Prove that f is discontinuous at each .

A subset A € R is open if for each a € A, there exists § > 0 such that the open
interval (a - d,a +d) is a subset of A. A subset A ¢ R is closed if R\ A is
open. These concepts were introduced in Exercises (14) — (18) on p. 26.
Prove that A c R is closed if and only if A contains all of its limit points.

A subset S ¢ A is said to be open in A if there exists an open set O such that
S=An0O. Let f: A— R be a function.

(a) Prove that f is continuous on A if and only if for every open set U € R,
the set f~1(U) is open in A.

(b) If f:(a,b) - R is continuous and strictly monotone, prove that f(U) is
open for every open U in (a,b).

(¢) Show by an example that the conclusion of the previous part is not nec-
essarily true if f is not required to be strictly monotone.

In this exercise, you will show that a subset A € R is open if and only if it is
the disjoint union of at most countably many open intervals.

a) Prove that a disjoint union of finitely or countably many open intervals is
) y y Y
open.
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(b) Let A € R be open and non-empty. For each a € A, consider the set
I, =UJ, where J ¢ A is an open interval containing a. Prove that I, is
an open interval containing a with I, ¢ A.

(¢) If Ais open and a,be€ A, prove that I, n I, # @ implies I, = Ij,.

(d) Using the previous two parts, prove that if A is open, then A is the disjoint
union of at most countably many open intervals.

Let f: A - R be a continuous and bounded function on a closed set A. In this
exercise, you will prove that there exists a continuous function ¢g:R — R such
that g(z) = f(«) for all z € A. Since R\ A is open, by the previous exercise,
it is the disjoint union of at most countably many open intervals Iy = (ag, by)
(or (—o0,by) or (ag,o0)) with end points in A. Define ¢:R — R as

f() ifxeA,
g(x) (ak)+(z a )M ifxe[k:(ak,bk),
f(br) if €I, = (—00,by),
f(ar) if z e, = (ay, o).

Prove that g is continuous on R. This is a special case of the Tietze Exten-

sion Theorem. The function g is called a continuous extension of f to
R.



Chapter 5

Differentiation

The derivative of a function measures its rate of change. In terms of its graph, the
derivative of a nice function can be interpreted as the slope of the graph. It is a
very important concept in analysis and in the sciences. Basic rules regarding the
computation of derivatives are discussed in section 5.1. In section 5.2 we discuss
the Mean Value Theorem, which roughly says that the slope of any secant line of
the graph of a function can be achieved as the derivative at some point. Several
important results are consequences of the Mean Value Theorem, including Taylor’s
Theorem, which is discussed in section 5.3, and the Fundamental Theorems of
Calculus.

5.1 The Derivative

We assume that the reader is familiar with the interpretations of the derivative as
a rate of change or, geometrically, as the slope of the tangent line to the graph.
Thus, we will concentrate on proving properties and consequences of the derivative
in details. We begin with its definition. Recall that an open interval is an interval
of the form (a,b), (—o0,b), (a,00), or (-0, 00).

5.1.1 Definition of Derivative

Definition 5.1. Let f:I - R be defined on an open interval I, and let c € I. The
derivative of f at c is defined as the limit
f-l(c) = lim f({II) B f(C)’
r—c

xr—c

if it exists. If this is the case, we say that f is differentiable at c. If this limit
does not exist, then we say that f is not differentiable at c¢. If f is differentiable at
every point in I, then we say that f is differentiable on I and write f’ for the
function whose value at x € I is f'(«). Similarly, write

F ) = (F"7D) (o),

115
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if the derivative exists, and call it the nth derivative of f at c. The second and the
third derivatives are also written as " and f"”, respectively, if they exist. The Oth
derivative f(©) is defined as f itself. We say that f is continuously differentiable
if f" exists and is continuous. If f(") exists for all n, then f is called infinitely
differentiable.

A function f is not differentiable at ¢ if and only if there exists a sequence

{zn} € I\ {c} converging to ¢ such that the sequence
f(zn) - f(0)
(=)

does not converge. From now on, when we say f is differentiable at ¢, we automat-
ically assume that f is defined on some open interval containing c. The alternative
notation j—’; is also used for f'(x).

The limit of a function was defined in Definition 4.2 in terms of sequences. An
€-0 characterization of limit was given in Theorem 4.3. As an exercise, the reader

should write down in details these two equivalent formulations of the derivative.

5.1.2 Differentiability and Continuity
The first important property of differentiability is that it implies continuity.

Theorem 5.1. Let f:1 - R be defined on an open interval I, and let ce I. If f is
differentiable at c, then f is continuous at c.

Proof. Let {z,} be asequence in I~ {c} with limz,, > ¢. Since f is differentiable
at ¢, we have

A (O] :f(c) = f'(o).

n—oco x

Therefore, we have

Fea) - £(0) = ( )m ¢y f(e)-0=0,

i.e., lim f(xz,) = f(c). So f is continuous at c. O

f(zn) - f(c)

n

The converse of the above theorem is not true, as the following example illus-
trates.

Example 5.1. Consider the function f(z) = |z| defined on R. This function is
continuous on R. However, it is not differentiable at 0. Indeed, let x,, = % ifn>1
is even and z,, = —% if n>11is odd. Then z, - 0, and f(z,) = % for all n. So we
have

f(x,)-f(0) |1 ifniseven,
,-0  |-1 ifnis odd.

This shows that lim w does not exist, and f is not differentiable at 0.
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What makes the function f(z) = |z| not differentiable at 0 is the corner on the
graph of f at  =0. Using a combination of functions with more and more corners
on their graphs, it is, in fact, possible to construct a function g that is continuous
everywhere but is nowhere differentiable. We will present such an example in a later
chapter when we have the machinery of series of functions at our disposal.

Be careful that Theorem 5.1 does not say that f’ is continuous at c. It also does
not say that f is uniformly continuous, even if f is differentiable on I. These issues
are explored further in the exercises.

5.1.3 Arithmetics of Derivatives

As in the case of sequences, it is convenient to know how derivative behaves with
respect to arithmetic operations.

Theorem 5.2. Let f,g:I - R be defined on an open interval I, and let c € I.
Suppose that both f and g are differentiable at c. Then we have:

(1) (af) (c) =af'(c) for every aeR.

(2) (f+9)'(c)=f"(c)+g'(c).

(3) Product Rule: (fg)'(c) = f(c)g'(c) + f'(c)g(c).
(4) Quotient Rule: If g(c) # 0, then

IY (- F'()gle) - f(e)g'(c)
(g) ()= g(c)? '
In the first case, when we write (af)’(¢) = af’(c), we mean that the function af

is differentiable at ¢ and that its derivative at ¢ is af’(¢). Similar remarks apply to
the other cases.

Proof. We will prove the last case, which is the most difficult of the four cases,
and leave the first three cases to the reader as an exercise. So suppose that g(c) # 0.
Since g is also continuous at ¢ (Theorem 5.1), there exists an open interval J ¢ T
containing ¢ such that g(«) # 0 for each = € J. Pick any sequence {z,} in I ~ {c}
with x,, - c¢. Then there exists a positive integer N such that n > N implies z,, € J,
g(xn) # 0, and

(£) @)= (5)©  fe)a(e) - F(e)g(an)

Tn—c (2n = c)g(xn)g(c)
(f(@n) = £(e)) g(c) = f(e) (g(xn) = g(c))
(n = ¢)g(xn)g(c)
) (f(fvn) —f(C)) 1 _( f(e) )(g(xn) —9(6))
an—c ) gza) \g(zn)g(c) Tn—c
EACRRIOIIO)
gle)  g(e)?
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In the last step, we used the differentiability of f and g at ¢ and the continuity
of g at ¢. We obtain the desired expression for (5)' (¢) when we write the above
difference as one fraction. O

Example 5.2. Consider the function f(z) = 2™ defined on R, where n is a positive
integer. We show by induction that f is differentiable on R and that

f'(e) = e

for any real number c. If n =1, then

fle)=fle)=z-¢

so f'(¢) =lim,_.1=1c". Suppose that (2")'(c) = nc"! for some n > 1. Then

(") () = (2" -2)'(¢) = (2")(e) -1+ (2")'(¢) - (c)

=c"+nc"te=(n+1)c"

Thus, by induction we have shown that f'(z) = na"! for f(z) = 2™, where n is any
positive integer and x € R.

5.1.4 Chain Rule

The next derivative rule is about the composition of two functions. To motivate it,
consider the function h(z) = V1 — 22. Computing its derivative using the definition
is quite inconvenient. However, note that h is the composition go f, where the inside
function is f(x) =1 - 22 and the outside function is /z. It is not difficult at all to
compute the derivatives of f and g using the definition. The reader should give it
a try. This leads naturally to the question: Is there a way to express the derivative
of a composition in terms of the individual functions and their derivatives? The
answer is yes, and that is the content of the following result.

Theorem 5.3 (Chain Rule). If f is differentiable at ¢ and g is differentiable at
f(c), then the composition go f is differentiable at ¢ and

(g0 ) () =g'(f(e))- f' (o).

Ideas of Proof. The plan is to write down two suitable functions whose limits as
x — care g'(f(c)) and f'(c), respectively.

Proof. Suppose I is an open interval in Dom(f) containing ¢, and define the
function ¢ by

M if y € Dom an c
o) =1 y-f(c fy e Dom(g) and y # f(c),

g9'(f(c)) ify=f(c).
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The differentiability of g at f(c) means

e - i S -9U@)
e(f(e)) =g'(f(c)) ylf(c) y= 10 ylf(c)w(y),

which in turn means ¢ is continuous at f(c¢). From the definition of ¢, we have

g(f(w);:g(f(C)) - o(f(2))- f(w; - (J:“(C)

for x € Dom(go f) with = # ¢. Note that (go f)'(c¢) is the limit as x - ¢ of
the left-hand side of (5.1). Moreover, the limit as # — ¢ of the second factor on
the right-hand side of (5.1) is f’(¢). Since f is also continuous at ¢, we have
lim,,. f(z) = f(¢). The continuity of ¢ at f(¢) now implies

lim p(f(2)) = (f(c)) = ¢'(f(c)),

which proves the theorem. ([

(5.1)

Example 5.3. Using the limit definition, one finds that if f(z) =1-22 and g(z) =
VT, then f'(z) = -2x and ¢'(z) = ﬁ for x > 0. Therefore, chain rule says that the

derivative of h(z) =V1-22=(go f)(z) is
() = (F(@) (@) = s

for -1<x<1.

5.1.5 Derivatives of Inverse Functions

In Theorem 4.11 we saw that a strictly monotone continuous function defined on an
interval has a strictly monotone continuous inverse function. The following result
says that if the function is differentiable with non-zero derivative, then its inverse
function is also differentiable.

Theorem 5.4 (Inverse Function Theorem). Let f be a strictly monotone con-
tinuous function defined on an open interval I, ¢ be a point in I, and f be differ-
entiable at ¢ with f'(c) # 0. Then its inverse function g = f~! is differentiable at
d=f(c) and

1
fre)

g'(d) =

Ideas of Proof. The main point is that f’% can be computed as the limit of the
reciprocal of the difference quotient that appears in the definition of f’(c).

Proof. The domain J = f(I) of g is an open interval (Exercise (4) on page 96).
Given € > 0 we need to show that there exists § > 0 such that 0 < |y — d| < § implies

9(y)-g(d) 1
y-d f(e)

I ) S S
NUMENORNIO]

(5.2)
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The assumptions that f is strictly monotone and that f’(¢) # 0 imply the equality
1 lim — ¢
f(e)  a=e f(z) - f(c)
by Exercise (2d) on page 89. Therefore, with the given ¢, there exists v > 0 such
that 0 < |z - ¢| <y implies
T-c 1
[ORCENIC]
Since g is continuous on J (Theorem 4.11), there exists 6 > 0 such that 0 < |y—d| <o
implies

(5.3)

0<lg(y) —g(d)| =lg(y) -l <.
The previous inequality implies (5.3) with z = g(y), which is the desired inequality
(5.2). O

The derivative formula for the inverse function can be derived using chain rule.
In fact, since x = g(f(x)), differentiating both sides we obtain 1 = ¢'(f(z)) - f'(x).
Writing y = f(x), we then obtain

1
!
9'(y) = :
f'(@)
However, the reader is cautioned that this line of reasoning does not prove that the
inverse function is differentiable, which is what the above theorem proved. In fact,

in using chain rule, we are already assuming that g is differentiable.

Example 5.4. For a positive integer n, the function f(x) = a™ is strictly increasing
and differentiable on R if n is odd and on (0,00) if n is even. Its derivative is
f'(z) = na™ L. Tts inverse function is the nth root function g(z) = x#, which is
only defined for z > 0 if n is even. Writing 0 # y = f(z) = 2" we have ¢'(y) = ﬁ,
which yields
g'(x) = 1n_1 = lkan = lx%’l.
nT n n n

Therefore, the derivative formula for ™, where n is a positive integer, still holds if
n is replaced by %

5.1.6 FEzxercises

(1) Use the definition of derivative to find the derivatives, when they exist, of the
following functions.

(a) V2z+5
(b)

z+4
(c) 22% + 10z +5

(d) =

z2+1

:
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() =01

Write down the sequential and the e-0 characterizations of the derivative. Write
down what it means for f to not be differentiable at ¢ using e-4.

Prove that a constant function is differentiable on R, and compute its derivative
0.

Prove the first three parts of Theorem 5.2.

Prove that a polynomial is differentiable on R.

Suppose 1 = % is a rational number in lowest terms and g(x) = z". Prove that
g is differentiable on R \ {0} if ¢ is odd and on (0, o0) if ¢ is even. Then show
that ¢'(x) = ra" 1.

Suppose f and g are both differentiable at ¢ and that f(x) < g(z) for all x in
some open interval containing c¢. Does it follow that f'(c) < ¢'(c)?

Prove the generalized product rule

n

M ey = 5™ 10 (0)gR) (4
()= 2 (1)1 s o)

k) is the binomial coefficient in (1.4).

assuming all the derivatives exist, where (
Define the function

0 ifx=0.

Prove that f is not differentiable at 0.
Define the function

(@)~ {xsin(l) if 2 40,

0 if z=0.

Prove that f is differentiable at 0, and compute f’(0). You may assume that
the function sin(x) is differentiable on R and that its derivative is cos(z). Show
that f’ is not continuous at 0.
Prove that f(z) = |z| is differentiable on (-o00,0) and (0, 00), and compute its
derivative.
If f is differentiable at ¢, prove that

) < i LD =FQ) L Feh) = f(e=h)

h—0 h h—0 2h

Draw pictures to visualize these limits in terms of secant lines.

o) = {x sin(;) ifx+40,

In the previous exercise, if the last limit exists, does it follow that f is differen-
tiable at ¢?

Let f:R - R be the function f(z) = z? if = is rational and f(x) = 0 if z is
irrational. Prove that f is differentiable at 0, and compute f'(0).

Give an example of a differentiable function f on an open interval I that is not
uniformly continuous.

Suppose f is differentiable on an open interval I and that f’ is bounded on I.
Prove that f is uniformly continuous on I.
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5.2 Mean Value Theorem

The title of this section refers to an important theorem that says that the slope of
the secant line of a function on a closed interval is, in fact, the slope of some tangent
line.

5.2.1 Two Preliminary Theorems

In order to prove the Mean Value Theorem, we need two preliminary observations.
The following observation says that if a function achieves an extremum at a point
where it is differentiable, then its derivative must be zero there. Intuitively, this
is true because, if the derivative is not zero, then the function is either increasing
or decreasing there. But then that point cannot be an extremum. The proof is a
formal version of this line of reasoning.

Theorem 5.5 (Interior Extremum Theorem). Suppose f is defined on an
open interval I, ¢ is a point in I where f is differentiable, and f achieves its maxi-
mum or minimum on I at c. Then f'(c) =0.

Ideas of Proof. If f'(c) # 0, then there are points close to ¢ where f is larger or
smaller than f(c), which would contradict the maximum or minimum assumption.

Proof. Say f achieves its maximum at c¢. The minimum case is left as an exercise.
Suppose to the contrary that f’'(c¢) # 0, say, f'(¢) >0. Then there exists § > 0 such
that
[@)-©)

x

—C

O<|x—-c <d withx el implies

Choosing any = > ¢ in I, the above inequality then implies

f(x) > f(o),
which contradicts the maximum assumption. If f’(¢) <0, then likewise there exists
& > 0 such that

O<|z-¢ <0 withxzel implies —F——=
-c

[@)-10) _,

Choosing any x < ¢ in I, the above inequality implies

f(@)> f(c),
which is again a contradiction. O

The following observation is a special case of the Mean Value Theorem. It says
roughly that if a function has equal values at two distinct points, then its derivative
must be zero somewhere between those two points. Intuitively, this is easy to see if
one tries to draw a graph of such a function.
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Theorem 5.6 (Rolle’s Theorem). Suppose f is continuous on a closed interval
[a,b], is differentiable on (a,b), and f(a) = f(b). Then there exists a point

ce(a,b) such that f'(c)=0.

Proof. By the Interior Extremum Theorem, if f achieves either a maximum or
a minimum on (a,b) at a point ¢, then f’(¢) =0. By the Extreme Value Theorem
4.6, f achieves both a maximum and a minimum on [a,b]. If either one of them is
achieved on (a,b), then we are done by the Interior Extremum Theorem. Otherwise,
f achieves its maximum and minimum at a or b. But then the assumption f(a) =
f(b) implies that f is constant on [a,b]. Therefore, f'(¢) = 0 for every point ¢ in
(a,b). a

5.2.2 Main Result

We are now ready for the main result of this section.

Theorem 5.7 (Mean Value Theorem). Suppose f is continuous on a closed in-
terval [a,b] and differentiable on (a,b). Then there exists a point ¢ in (a,b) such
that

NIOBI0)

70 = 5=

Ideas of Proof. The plan is to use Rolle’s Theorem by subtracting from f the
secant line connecting the points at x = a and x = b, whose equation is

y= 1)+ LOZTD )

Proof. Define the function

o) = 1) - sy - T T )

which is continuous on [a,b] and differentiable on (a,b). Since

g(a)=g(b) =0,
Rolle’s Theorem implies that there exists a point ¢ in (a,b) such that
f(b) - f(a
Ozgl(C):fl(C)_ (l)) ( ),
-a
as desired. (]

The reader should draw a typical graph and try to interpret the Mean Value
Theorem using the graph. In any case, the quotient on the right-hand side is the
slope of a secant line, and f’(c¢) is the slope of a tangent line somewhere in between.
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Note that Rolle’s Theorem is a special case of the Mean Value Theorem because
the quotient in the latter is 0 when f(a) = f(b).

The Mean Value Theorem, and its special case Rolle’s Theorem, are ultimately
about showing that certain quantity is in the range of the derivative. One way of
using them is to establish certain inequalities that are otherwise hard to prove, as
the following example illustrates.

Example 5.5. Here we show that

ex<e’

for all z in R. If f(x) = e® — ex, then we must show f(x) > 0. Note that the only
root of f(x) =01is x = 1. Indeed, if there is another root 7 # 1, then Rolle’s Theorem
says f'(d) = 0 for some point d in between r and 1. But the only root of

fl(z)=€"-e=0

is x = 1. Moreover, f'(z) <0ifz <1 and f'(z) >0if z > 1, so f is strictly decreasing
on (-o0,1) and strictly increasing on (1,00). Since x = 1 is the only zero of f, we
conclude that f(z) >0 for all z.

5.2.3 Consequences

We now discuss some consequences of the Mean Value Theorem. The following
observation says that a function whose derivative is identically 0 is a constant func-
tion. Intuitively, having derivative 0 implies that the function can neither increase
nor decrease, which means it is constant.

Corollary 5.1. Suppose [ is differentiable on (a,b) with f' =0 on (a,b). Then f
is a constant function.

Proof. 1If f is not a constant function, then there exist ¢ < d in (a,b) such that
f(e) # f(d). Applying the Mean Value Theorem to f on [¢,d], we obtain a point e
in (¢,d) such that

fio= D=1 4,

which contradicts the assumption f’ = 0. O

The next observation says that if two functions have the same derivative on
some interval, then they can differ by at most a constant. Intuitively, these two
functions have to increase or decrease at exactly the same rate everywhere on this
interval. So they differ by the same amount at all the points on this interval.

Corollary 5.2. Suppose [ and g are both differentiable on (a,b) with f' = ¢' on
(a,b). Then there exists a constant C such that f =g+ C on (a,b).
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Proof. The difference h = f — g is differentiable on (a,b) and satisfies A’ = 0, so
the previous corollary says h is a constant function. In other words, f = g + C for
some constant C. |

The previous result is important in integration. It says that if a function f has
an anti-derivative F' on an interval, then {F + C' : C constant} is the entire family
of anti-derivatives of f. Therefore, to find all the anti-derivatives of a function, it
suffices to find just one of them and form the above family.

More consequences of the Mean Value Theorem are explored in the exercises
and the next section.

5.2.4 FEzxercises

(1) Finish the proof of Theorem 5.5 by proving the case when f achieves its min-
imum at c.

(2) Give a proof of Bernoulli’s Inequality (Theorem 1.5) using the Mean Value
Theorem.

(3) Prove the inequality |cosz — cosy| < |z — y| for all real numbers x and y.

(4) Prove the inequality |sinx —siny| < |z — y| for all real numbers z and y.

(5) Suppose f is differentiable on an open interval I. Prove the following state-
ments.

(a) If f'(x) >0 for all x in I, then f is strictly increasing.
(b) If f'(x) >0 for all  in I, then f is increasing.
(¢) If f'(z) <0 for all z in I, then f is strictly decreasing.
(d) If f'(x) <0 for all z in I, then f is decreasing.

(6) Suppose f and g are both differentiable, and f(a) = g(a).

(a) If f'(z) < ¢'(z) for all z > a, prove that f(z) < g(x) for all z > a.
(b) If f'(z) < ¢'(z) for all z > a, prove that f(z) < g(z) for all z > a.

(7) Prove that In(1+z) <z for all x > 0.
(8) Prove that |sinz| <z for all > 0.
(9) Prove that tanz >z if 0 <2 < 3.
10) Prove that €* > 1+ x for all x > 0.
) Suppose f is differentiable on an open interval I with f’ bounded. Prove that
there exists a real number M > 0 such that

If (z) = f(y)l < Mz -y

for all z,y in I.

(12) Suppose f is continuous on [a,b], differentiable on (a,b), and f(c) > f(a) =
f(b) for some point ¢ in (a,b). Prove that there exist two points z and y in
(a,b) such that f'(z) <0< f'(y).

(13) Suppose f is continuous on [0,1], differentiable on (0,1), f(0) =0, and [’ is
increasing on (0,1). Prove that g(x) = @ is increasing on (0,1).
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(14) Suppose 0 <z <y and n > 2 is an integer. Prove that y% —gn < (y - x)%.

(15) Suppose z,y >0 and 0 < r < 1. Prove that 2"y <rx + (1-7)y.

(16) Suppose f is continuously differentiable on an open interval I and «a is a point
in I such that f(a) =0 and f'(a) # 0. Prove that there exists an open interval
J ¢ I containing a on which both f and f’ are non-zero with the exception of

fla)=0.

5.3 Taylor’s Theorem

In this section we discuss other important results related to the Mean Value Theo-
rem, the main one being Taylor’s Theorem. We then discuss L’Hospital’s Rule and
the intermediate value property for derivatives.

5.3.1 Motivation

Let us discuss the motivation behind the statement of Taylor’s Theorem. Polyno-
mials are among the easiest functions to work with. For example, they have very
simple derivative formulas, and the product of two polynomials remains a polyno-
mial. Moreover, computing a polynomial involves only the arithmetic operations of
addition, subtraction, and multiplication, which can be easily handled by comput-
ers. Therefore, it makes sense to approximate other functions using polynomials.
Moreover, if we want to understand a function f near a point ¢, then the polynomials
should be in powers of (z - ¢) instead of x.
Suppose it is possible to write

f(z) =aop+ar(z-c)+as(x—c)? +az(x-c)®+--
in powers of (z —¢). Then
fe)=ao, f(c)=a1, [f"(c)=2a2, ["(c)=3las,
and so forth. The general formula for the kth coefficient is

A
kR
Of course, f does not need to be a polynomial, so the above expression of f should

Qg

have an error term. In other words, a degree m polynomial approximation of f
should take the form

f(x) = To(z;¢) + Ru(w;0), (5:4)
where
() (¢
T(2:0) = £() + F)w =) o+ T gy

n p(k) (. (5.5)
:k;)f k'( )((ﬂ—C)k
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is a degree n polynomial in (z - ¢), and R,(z;c) is the nth error term. The
polynomial T}, (z; ¢) is called the degree n Taylor polynomial of f at ¢. Taylor’s
Theorem provides an actual expression for the error term in terms of a higher
derivative.

5.3.2 Main Result

We now state and prove Taylor’s Theorem.

Theorem 5.8. Suppose n is a positive integer and f:[a, 8] = R is a function such
that f*) is continuous on [, B] for 0 < k <n and that f*Y) exists on (a, 3). Then
given two distinct points ¢ and x in [a, 8], there exists a point b strictly between
them such that

I L () ne+l
f(x)—Tn(l',C)"'m(fE—c) .

Ideas of Proof. We are trying to show that certain quantity is in the range of the
higher derivative f("*1). Therefore, as in the proof of the Mean Value Theorem, we
are going to use Rolle’s Theorem on a suitable function.

Proof. We need to show that, in the equality

n+l _ _ .
m(f—c) = f(z) - Tn(z; ),
the quantity K must be f("*1(b) for some b strictly between ¢ and z. To prove
this, consider the function in ¢

. K n+1
F(1) = £(2) - T (ait) = oy =)
defined on the closed interval J formed by ¢ and . The function F'(t) is continuous
on J, differentiable between ¢ and x, and satisfies F'(¢) =0 = F(x) by the definition
of K and by T,(z;x) = f(x). Therefore, Rolle’s Theorem 5.6 yields a point b
strictly between ¢ and x such that F’(b) = 0. The reader can check with a direct
computation that

d FD () n
7 (T (zx;t)) = o (x-t)". (5.6)
Therefore, we have
IR A () n_ K(n+1) n
0=F/() =~ P @y - L -y (),

which simplifies to K = f("*1)(b), as desired. O
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In terms of the error term in (5.4), Taylor’s Theorem says

+1
f(n )(b) ( C)n+1 (57)

(n+1)!

for some point b between ¢ and x. In other words, the error term is given in terms
of the (n + 1)st derivative of f. Another form of the error term is discussed in
Theorem 6.10.

One typical use of Taylor’s Theorem is to approximate functions using low degree

R, (x;¢) =

polynomials, as in the next example.

Example 5.6. Suppose f(z) =sinz and a = 0. For any = # 0, Taylor’s Theorem
with n = 3 yields
f(4)(c) 4o x3 sine 4

4! Y 4!
for some ¢ strictly between 0 and z. Since |sinz| < 1 for all z, the error term is
bounded above by 44,1, which is a very small number for z near 0. For example, if

z=0.1, thn(o41,) is about 4.2 x 1076,

sinz = T3(x;0) +

5.3.3 L’Hospital’s Rule

Next we discuss a simple version of L’Hospital’s Rule, which the reader must have
encountered in differential c’alculus. The result says roughly that, if f(a) =0 = g(a),
e
Theorem 5.9. Suppose f and g are both continuously differentiable on an open
interval I, a is a point in I such that f(a) =0 = g(a), and that g'(a) # 0. Then
there is an equality

if it exists.

then lim,_, 5 is equal to

f(z) _ f'(a)

e ey

Ideas of Proof. Near the point a, the graphs of f and g are approximated by their

respective tangent lines. Since f(a) =0 = g(a), these lines have equations
y=f'(a)(z-a) and y=g'(a)(z-a),

respectively, which are also the degree 1 Taylor polynomials of f and g. Therefore,

near the point a, the quotient ﬁ is roughly equal to

f(a)(x—-a) _ f'(a)
g'(a)(z-a) g'(a)

Proof. There is an open interval J € I containing a on which g and ¢’ are non-
zero with the exception of g(a) = 0 (Exercise (16) on page 126). For x # a in J, the
Mean Value Theorem says

f@ (E) e

o(a) (#2220 " g(d)




Differentiation 129

for some ¢ and d strictly between a and x. To finish the proof, just take the limit
lim,_,, using the assumption that f’ and ¢’ are continuous. O
Example 5.7. We have
Inz
lim =1
z—1x—1

by L’Hospital’s Rule, since (Inz)’ =1 and (z-1)" =1.

There is a more general form of L’Hospital’s Rule involving higher derivatives.
It will be explored in the exercises.

5.3.4 Intermediate Value Theorem for Derivative

Recall that a continuous function on a closed bounded interval satisfies the Inter-
mediate Value Theorem 4.7. On the other hand, a differentiable function does not
need to have a continuous derivative, so the Intermediate Value Theorem does not
apply to the derivative in general. Nevertheless, the next observation says that the
derivative does satisfy the conclusion of the Intermediate Value Theorem. Its proof
uses the Interior Extremum Theorem instead of the Mean Value Theorem.

Theorem 5.10. Suppose [ is differentiable on (a,b), and r is a number that lies
strictly between f'(c) and f'(d) for some c¢<d in (a,b). Then there exists a point

ee(c,d) such that 1= f'(e).

Ideas of Proof. The plan is similar to the proof of the Mean Value Theorem. We
will subtract from f the line through the origin with slope r and apply the Interior
Extremum Theorem.

Proof. Let us consider the case f'(¢) <7 < f(d). The other case is very similar.
Consider the function

g(z) = f(z) - rz,
which is differentiable on (a,b) with

g'(x) = f'(z) -7

In particular, it suffices to show that there exists a point e in (¢, d) with ¢'(e) = 0.
Thus, by the Interior Extremum Theorem, it is enough to show that g achieves
either a maximum or a minimum on (¢, d) at some point e. By the Extreme Value
Theorem 4.6, g achieves a minimum on [¢,d] at some point e. To apply the Interior
Extremum Theorem, we just need to observe that e is neither ¢ nor d. In other
words, we need to show that

g(z1) <g(c) and g(x2)<g(d)
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for some z1 and z2 in (¢,d). Note that
g'(c) <0 <g'(d).
So there exists d; > 0 such that

0<|z-c| <8, with z € (a,b) implies 9(@) = g(c) <0,
r-c

which in turn implies
g(x)<glc) if z>c.
Therefore, e is not the end point c. Likewise, the inequality 0 < ¢’(d) implies that
there exists do > 0 such that
-g(d
0<|x—-d|<ds with z € (a,b) implies M > 0.
T —

This last inequality implies
g(x) <g(d) if x<d,

so e is not the end point d. O

5.3.5 FEzxercises

(1) Prove the equality (5.6).

(2) Finish the proof of Theorem 5.10 by proving the case when f'(d) <r < f'(¢).
(3) Use Taylor’s Theorem to approximate /5 to within 0.0001.

(4) Use Taylor’s Theorem to approximate cos(0.1) to within 0.0001.

(5) Use Taylor’s Theorem to approximate In2 to within 0.001.

(6) Prove the inequalities

z? 2?2 ot

1-—<cosz<l—-—+—
2 2 4
for > 0.
(7) Prove the inequalities
3 3 2
rT——<sinx<r—- —+ —
3! 3! 5!
for x > 0.
(8) Prove the inequalities

W gk AL gk
> (-1) - < In(l+z)< ) (-1) -
k=1 k=1

for each positive integer N and each positive real number z.
(9) Prove the inequalities

2
\/§+L—I—<\/2+x<\/§+i
2V2 8V2 22

for x > 0.



(10)

(5)
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Prove the inequality
2 n
Esltrt ot
2! n!
forz>0and n>1.
Compute the limits.

( ) hmzﬁ() sin4x

(b) limg_,q 9_1

(c) limgq ﬁ
(d) limgo ¢y
Prove the following generalization of Exercise (16) on p. 126. Suppose n > 1,
f has continuous (n + 1)st derivative on an open interval I, and a is a point

in I such that
0=f(a)=f'(a)=-=f"(a) and [ (a)40.

Then there exists an open interval J ¢ I containing a on which f*) is non-zero
for 0 < k <n+1 with the exception of the point a.
Prove the following generalization of L’Hospital’s Rule. Suppose n > 1, f and

g both have continuous (n + 1)st derivatives on an open interval I, a is a point
in I such that 0= f)(a) = g (a) for 0 < k < n, and that gV (a) # 0. Then

i L@ _ 1 D(a)
wag(z) gD (a)

Compute the limits

( ) 111113:—»0 cosx 1

(b) limg_g @
( ) hma:—>0 tana: x

Additional Exercises

Give an example of a differentiable, uniformly continuous function f on some
open interval such that f’ is unbounded.
Formulate and prove a version of chain rule involving the composition of three
functions.
Prove that f(z) = |23| is differentiable on (~o0,0) and (0, ), and compute its
derivative.
Let n be a positive integer. Suppose f:R — R is the function f(z) = 2™ if  is
rational and f(z) =0 if x is irrational. Prove that f is differentiable at 0, and
compute f'(0).
Suppose f”(c) exists. Prove that

f”(C) f(C + h) 2];(26) + f(C — h)
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Give an example of a function for which this limit exists, but f”(¢) does not
exist.

A function f:R — R is called odd if f(-z) = —f(z) for all z and is called even
if f(-z) = f(z) for all x. Prove the following statements.

(a) If f is a differentiable even function, then f’ is odd.
(b) If f is a differentiable odd function, then f’ is even.

Prove Carathéodory’s Theorem: Suppose f is defined on an open interval
I containing c. Then f is differentiable at ¢ if and only if there exists a function
g defined on [ that is continuous at ¢ and satisfies

f(@) = f(e) = g(@)(z-c)

for z € I. When f is differentiable at ¢, prove that g(c) = f'(¢).
The left-hand derivative of f at c is defined as the left-hand limit

ORI0)

T T -cC
if it exists. The right-hand derivative is defined similarly using the right-
hand limit. Prove that f is differentiable at ¢ if and only if its left-hand and
right-hand derivatives both exist and are equal.
Suppose f is continuous on [a,b], differentiable on (a,b), f(a) = f(b) = 0,
and r is a real number. Prove that there exists a point ¢ in (a,b) such that
f(e) =rf(c).
Cauchy’s Mean Value Theorem says: Suppose f and g are both continuous
on [a,b] and differentiable on (a,b). Then there exists a point ¢ in (a,b) such
that

(f(b) = f(a))g'(c) = (9(b) = g(a)) f'(c).
Prove this theorem as follows.

(a) First consider the case g(a) = g(b), and use Rolle’s Theorem.
(b) Next consider the case g(a) # g(b). The required equality is equivalent to

f'(e) _ () - f(a)

g'(c)  g(b)-g(a)
Let r denote the quotient on the right-hand side, and define h = f — rg.
Now show that Rolle’s Theorem applies to h.

Give another proof of the Mean Value Theorem using Cauchy’s Mean Value
Theorem.
Suppose f is defined on an open interval I such that

(@) = f(y)l < M(z ~y)®
for some M >0 and all z,y in I.

(a) Prove that f is uniformly continuous on I.
(b) Prove that f is differentiable on I.
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(14)
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(c¢) Prove that f is a constant function on I.

Suppose f is differentiable on an open interval such that f’ is strictly monotone.
Prove that f’ is continuous.
Suppose

~ $4(2+sin(i)) if x40,
f(x)_{o if x = 0.

Prove the following statements.

(a) f achieves an absolute minimum at 0.
(b) In each open interval containing 0, f’ takes on both positive and negative
values.

This example shows that the converse of the first derivative test in differential
calculus is false.

Suppose f” exists on (a,b), and x < y < z are three points in (a,b) such that
both f(x) and f(z) are strictly greater than f(y). Prove that there exists a
point ¢ in (a,b) such that f"(¢) > 0.
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Chapter 6

Integration

In this chapter we study integration, which is in some sense a reverse process of
differentiation. Integrals are defined in section 6.1 using lower and upper sums.
An alternative approach to integrals based on tagged partitions is given in section
6.2. Basic properties of integrals, including the Mean Value Theorem for integrals,
are given 6.3. The Fundamental Theorem of Calculus and some of its important
consequences are proved in section 6.4.

6.1 The Integral

In this section, we first discuss lower and upper sums associated to partitions.
The integral is defined in terms of these lower and upper sums. We then prove a
useful e-criterion for integrability and use it to show that continuous functions are
integrable.

6.1.1 Motivation

Let us briefly discuss the motivation behind the definitions below. As one learns in
calculus, the definite integral is intuitively the area under the graph of a function
over an interval. To define it algebraically, one uses a similar process as for deriva-
tive, which in nice cases represents the slope of the tangent. More precisely, in the
definition of the derivative, the difference quotient % represents the slope of
a secant line that is close to the tangent at c¢. Taking the limit as z — ¢ then yields
the slope of the tangent at ¢ for nice functions.

The integral for nice functions can be intuitively represented as the area under
the graph. To approximate it, we first cut the interval into several sub-intervals.
Over each small sub-interval, we can approximate the area using a rectangle whose
height is the value of the function at a chosen point. One has choices as to which
points to use for the heights. Two obvious choices are the maximum and the
minimum, which lead to circumscribed and inscribed rectangles. We can then define

the area/integral in terms of these rectangles. Since these approximations yield sets

135



136 A First Course in Analysis

of numbers rather than functions, we will replace lim,_. in the derivative with
suitable infimum and supremum. The definitions below are formal versions of these
ideas.

6.1.2 Upper and Lower Sums

Throughout the rest of this chapter, unless otherwise specified, f is a bounded
function defined on a closed interval [a,b]. Recall from Definition 4.9 the concept
of a partition of [a,b].

Definition 6.1. Suppose P = {a = xg < x1 < --- <z, = b} is a partition of [a,b].
(1) Its norm is defined as
[|P]| = max{x; —x;—1 : i=1,...,n}.

(2) Define

o Ax;=m; - w1,
o I;(f)=inf{f(x): z€[xs_1,2;]}, and
o u;(f) =sup{f(z) : e[z, 2]}

fori=1,...,n.
(3) The lower sum of f with respect to P is the sum

L(f;P) = Y Li(f)Az;.
i=1
(4) The upper sum of f with respect to P is the sum
U(f;P) =Y ui(f)Az;.
i=1

(5) If @ is another partition of [a,b] such that P ¢ @, then @ is called a refine-
ment of P.

The reader should be careful that the infimum /;(f) and the supremum u;(f)
may not be in the range of f. So the lower sum and the upper sum with respect to
a partition are not necessarily Riemann sums in the calculus sense.

Definition 6.2. The lower sum and the upper sum of f on [a,b] are defined as
the least upper bound

L(f) =sup{L(f; P) : P a partition of [a,b]}
and the greatest lower bound
U(f)=inf{U(f;P) : P a partition of [a,b]},

respectively.
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A major confusing point about the lower sum and the upper sum is that each
of them involves both infimum and supremum. For example, to define the lower
sum, first we form the lower sum with respect to a partition P by using the infimum
I;(f) on each sub-interval of P. Then we take the supremum of the lower sums with
respect to the partitions. Likewise, the upper sum involves the supremum w;(f)
on each sub-interval of a partition and then the infimum of the upper sums with
respect to partitions. Notice that if we switch the order of the infimum and the
supremum in the definition of the lower sum, the result is the upper sum, and vice
versa. As we will see shortly below, being integrable is essentially saying that the
infimum and the supremum operations commute.

To define the integral, we first need to establish some basic properties of the
lower sum and the upper sum.

Theorem 6.1. Suppose f is a bounded function on [a,b], and P € Q are partitions
of [a,b]. Then

m(b-a) < L(f; P) < L(f;Q) <U(f;Q) <U(f; P) < M(b-a),
where m =1inf{f(x) : x € [a,b]} and M =sup{f(x) : x €[a,b]}.

Proof. For the left-most inequality, we have m < [;(f) for each i, so
m(b-a) =Y mAwz; <Y l;(f)Az; = L(f; P).
i=1 i=1

For the second inequality, first note that @) has only finitely many points more than
P. Thus, by an induction argument it is enough to prove the case where ) has
exactly one partition point ¢ € (x;_1,2;) more than P, where x; 1 and x; are two
consecutive partition points in P. Denote the infimum of f on [z;-1,¢] and [¢, ;]
by IL(f) and I/’ (f), respectively. Since

Al‘i = (iCZ —t) + (t_xi—l),
we have
L(f)Ar; =L(f)(t = 2io1) + Li(f) (@i - 1)
<Lt =aim) + 1 (f) (i - t)

because I;(f) <I;(f) and 1;(f) </(f). Now on [a,x;_1] and [x;,b], the partitions
P and () have the same partition points, so the previous inequality implies the
desired inequality

L(f;P) < L(f;Q).

The third inequality holds because I;(f) < u;(f) for each . The other two inequal-
ities are left as exercises for the reader. |

The previous result actually implies that each lower sum is no more than each
upper sum with respect to arbitrary partitions. Intuitively, a lower sum with respect
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to some partition consists of inscribed rectangles, so the sum of their areas cannot
exceed that of circumscribed rectangles with respect to any other partition.

Corollary 6.1. Suppose f is a bounded function on [a,b], and P and Q are two
partitions of [a,b]. Then

L(f; P)<U(f;Q)-
Proof. The union Pu( is a refinement of both P and @, so the previous theorem
yields
L(f;P)<L(f; PuQ) <U(f; PuQ) <U(f;Q), (6.1)

as desired. O

Corollary 6.2. Suppose f is a bounded function on [a,b], and P and Q are two
partitions of [a,b]. Then

L(f; P) < L(f) <U(f) <U(f;: Q).

Proof. The two outer inequalities hold by the definitions of the lower sum and
the upper sum. For the middle inequality, we know that L(f; P) is a lower bound
of every U(f; Q) by Corollary 6.1. Since U(f) is the greatest lower bound of these
U(f;Q), we have

L(f; P) <U(f).

This inequality says that U(f) is an upper bound of L(f; P). Since P is arbitrary,
the middle inequality follows. ]

6.1.3 Integrability

Definition 6.3. A bounded function f on [a,b] is said to be integrable on [a,b]
if its lower sum and upper sum are equal, that is,

L(f) =U(f)-

In this case, the common value is denoted by

[ o [ s

and it is called the integral of f on [a,b]. If f is integrable on [a,b], we define

Jore L

From now on, when we say f is integrable on [a,b], we automatically assume
that f is bounded on [a,b]. When f is integrable on [a, b], the dummy variable x in
]ab f(z)dx may be changed to any other symbol, such as u. We will discuss several
classes of integrable functions. Before that, let us first exhibit a function that is not
integrable.
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Example 6.1. Here we observe that the characteristic function xg of Q defined in
(4.2) is not integrable on any interval [a,b]. Indeed, if P is a partition of [a,b],
then in each sub-interval [x;_1, ;] there are both rational and irrational numbers.
So
li(xg) =0 and wu;i(xq)=1
for each ¢. This implies
L(xg;P)=0 and U(xg;P)=).Az;=b-a.
Since P is an arbitrary partition, we have
L(xg)=0 and U(xg)=>b-a,
which shows that xq is not integrable on [a,b].

6.1.4 Criterion for Integrability

To establish integrability of functions, the following e-criterion is often useful.

Theorem 6.2. A bounded function f on [a,b] is integrable if and only if, for each
€ >0, there exists a partition P of [a,b] such that

U(f;P)-L(f;P) <e.

Proof. The “only if” part is an $-argument. Suppose f is integrable on [a,b], so

I:fabf:L(f):U(f). Given € > 0, we have
I—%<L(f) and I+§>U(f),

so there exist partitions P; and P, such that
L(f;P1)>I—§ and U(f;P2)<I+§. (6.2)
If P= P, uP,, then (6.1) and (6.2) imply
€ €
U(f; P) = L(f; P) <U(fi P2) = L(fs ) < 5+ 5 =

proving the “only if” part.

For the “if” part, suppose € > 0 is given, and P is a partition as in the statement
of the theorem. Then Corollary 6.2 implies

0<U(f) - L(f) sU(f; P) - L(f; P) <e.
Since € is arbitrary, we conclude that U(f) = L(f). O

The meaning of the previous theorem is that, a function is integrable exactly
when the lower sum and the upper sum can be made arbitrarily close to each other
by picking suitable partitions. This theorem is often easier to use than the original
definition because it involves finding only one suitable partition. In the original
definition of integrability, one has to consider all the partitions of the interval.
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6.1.5 Integrability of Continuous Functions

We now illustrate the above e-criterion by showing that continuous functions are
integrable.

Theorem 6.3. Suppose f is a continuous function on [a,b]. Then f is integrable
on [a,b].

Ideas of Proof. We need to estimate
U(f:P) = LU P) = 3. (i) = L()) A
i=1

The plan is to choose a partition P with sufficiently small norm such that each
difference (u;(f) —1;(f)) is suitably small. The sum of the Az; is, in any case,
(b—a).

Proof. Suppose given € > 0. The function f is uniformly continuous on [a,b] by
Theorem 4.9. Thus, given ey = 3=, there exists 6 > 0 such that |z —y| < 0 with
x,y € [a,b] implies

@) = f)<e=7—.

Pick any partition P of [a,b] with ||P|| < d; Exercise (3) below guarantees its exis-
tence. By the Extreme Value Theorem 4.6, both w;(f) and [;(f) are in the range
of f on [x;-1,2;], so

u;(f)-1:(f) <e

for each 7. Thus, we have
U(f;P)-L(f;P) <) eoAz; =€g(b—a) =e.
i=1

Theorem 6.2 now says that f is integrable on [a,b]. O

In the exercises and later sections, we will see that a general integrable function
may have many points of discontinuity.

6.1.6 FEzxercises

(1) If P is a partition of [a,b], prove that Az; <||P|| for each ¢ and that ¥}, Az, =
b-a.

(2) Suppose P < @ are partitions of [a,b]. Prove that ||Q|| < ||P||<b-a.

(3) Suppose [a,b] is a closed interval, and § > 0. Prove that there exists a partition
P of [a,b] with ||P]|| < 4.

(4) Using Theorem 6.2, write down what it means for a bounded function f on
[a,b] to not be integrable on [a,b].
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Suppose f is integrable on [a,b], and there exists a real number r such that
L(f;P)<r<U(f; P)

for every partition P of [a,b]. Prove that r = fab I
Suppose f and g are bounded functions on [a,b], and P is a partition on [a,b].
Prove that

wi(f+9) <ui(f)+ui(g) and L(f+g)>L(f)+1L(g)
for each 1.
In the proof of the second inequality in Theorem 6.1, an induction argument
was used. Write down the details of this induction.
Prove the last two inequalities in Theorem 6.1.
Prove that every constant function is integrable on every closed bounded inter-
val. Write down an expression for the integral.
Prove that the step function J in Exercise (10) on page 104 is integrable on
every closed bounded interval.
Suppose f is an increasing function on [a,b], and P is a partition of [a,b].
Prove that

U(f; P) = L(f; P) <[|P|I(f(b) - f(a)).
Using the previous exercise or otherwise, prove that an increasing function on
[a,b] is integrable.
Prove that every monotone function is integrable on [a, b].
Suppose n is a positive integer, and [a;,b;] € [a,b] for ¢ = 1,...,n are n sub-
intervals such that b; < a;.1 for 1 <i<n—-1. Prove that

n

Y [U(f3[ai, bi]) = L(f; [as, bs])] < (M —m)(b-a),

i=1
where m = inf{f(z) : x €[a,b]} and M =sup{f(z) : x € [a,b]}.
Using the previous exercise or otherwise, prove the following Cauchy criterion
for integrability. A bounded function f on [a,b] is integrable on [a,b] if and
only if, for each € > 0, there exists J > 0 such that

U(f; P) - L(f; P) <e
for every partition P of [a,b] with ||P|| < 4.

6.2 Integration via Tagged Partitions

There is another rigorous approach to integrals based on Riemann sums that is much
closer to the usual presentation in calculus. In this section we discuss integrability
based on Riemann sums. The main idea of Riemann sums is that, instead of taking
the infimum or the supremum of f on each sub-interval, one takes the value of f
at some point. Intuitively, this process forms a rectangle whose height lies between

Li(f) and u;(f).
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6.2.1 Riemann Sums

To define Riemann sums, first we need to define partitions with chosen points in
each sub-interval.

Definition 6.4. A tagged partition

P = {{xa };'L=07 {wl}?ﬂ}
of an interval [a,b] consists of:

e a partition {zg << x,} of [a,b] and
e a point w; in [z;-1,x;] for each i=1,...,n.

The norm of such a tagged partition is defined as
||IP|| = max{x; —x;—1 : i=1,...,n}.

Given a tagged partition P, one can forget about the points w; and obtain a
partition, which we also denote by P. Conversely, given a partition P of [a, b], there
are many different tagged partitions with the same partition points x; that can be
associated to it, which we denote by P’, P”, etc.

Definition 6.5. Given a bounded function f on [a,b] and a tagged partition P =
{{xj}?zo,{wi}?zl} of [a,b], the Riemann sum of f with respect to P is the
sum

n
R(f; P) =Y f(w:)Axz,
i=1
where Az; = z; — 2;-1 as in Definition 6.1

Whenever we use the symbol R(f;P), it is automatically assumed that P is
a tagged partition. If the lower sum L(f; P) or the upper sum U(f;P) are also
considered, then we are using the partition associated to the tagged partition P.

The following basic observation tells us how the lower sum, the upper sum, and
the Riemann sum are related. The proof of this observation is left as an exercise.

Lemma 6.1. Suppose f is a bounded function on [a,b], and P is a tagged partition
of [a,b]. Then

L(f;P)<R(f;P)<U(f;P).

Therefore, for a given tagged partition, the Riemann sum always lies between the
lower sum and the upper sum. Intuitively, this is true because in each sub-interval,
a typical rectangle whose height is a value of f must lie between the inscribed and
the circumscribed rectangles.

The next observation says that the lower sum and the upper sum can be closely
approximated by Riemann sums.



Integration 143

Theorem 6.4. Suppose f is a bounded function on [a,b], P is a partition of [a,b],
and € > 0. Then there exist tagged partitions P’ and P" with the same partition
points as P such that

R(f;P")-L(f;P)<e and U(f;P)-R(f;P")<e.

Ideas of Proof. The lower sum is formed using the infimum of f on each sub-
interval. To construct the tagged partition P’, in each sub-interval we choose a
point whose value under f is very close to the infimum. The resulting Riemann
sum is then close to the lower sum.

Proof. Set eg = 3= If P={x¢ < <x,}, then since
Li(f)+ €0 > 1i(f)
for each 4, there exists a point w; in [x;_1,x;] such that
Li(f) < fwi) <1i(f) + €o.
So we have

0< f(wi) = Li(f) < €o-

Let P’ be the tagged partition with chosen points w; and the same partition points
as P. Multiplying by Axz; and summing over the sub-intervals, we obtain the
inequalities

R(f; P') - L(f;P) = i[f(wz) - Li(f)]Azi <eo 2A$i =¢o(b-a)=e

This proves the first inequality. The proof of the other inequality is left as an
exercise. O

6.2.2 Riemann Integrability
We now define a version of integrability based on Riemann sums.
Definition 6.6. Suppose f is a bounded function on [a,b]. Then f is said to be

Riemann integrable on [a,b] if there exists a real number R [ab f such that, for
each € > 0, there exists § > 0 such that

<€

rir-= [

for every tagged partition P with ||P|| < §. In this case, the real number Rfab fis
called the Riemann integral of f on [a,b].
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Note that we are using the notation R fab f to distinguish it from the integral
[ab f in Definition 6.3 because at this moment we have not shown that they are equal.
We also have not shown that integrability is equivalent to Riemann integrability.
We now show that the two approaches to integration are equivalent.

Theorem 6.5. A bounded function f on [a,b] is integrable if and only if it is
Riemann integrable. In this case, the integral fab f and the Riemann integral Rfab f
are equal.

Ideas of Proof. Under the assumption of integrability, the integral fab f can be
closely approximated by lower and upper sums, which in turn can be closely ap-
proximated by Riemann sums. Likewise, with Riemann integrability, the Riemann
integral R fab f can also be closely approximated by Riemann sums. Therefore, it
should be intuitively clear that the two approaches are equivalent. Also, it should

not be surprising that some sort of $-argument is involved as we link the integral

to the Riemann integral via lower, upper, and Riemann sums.

Proof. For the “only if” part, we assume f is integrable on [a,b], and suppose
e > 0. By Exercise (15) on page 141, there exists § > 0 such that

U(f; P) - L(f; P) <e (6.3)
for every partition P with ||P|| < d. Now if P is any tagged partition, then
b
L(f:P)<R(f;P)<U(f:P) and L(fiP)< [ f<U(fiP)
by Lemma 6.1 and integrability. Therefore, if P has norm < 4, then (6.3) implies

r(:p)- [

This shows that f is Riemann integrable and jab f=R fab f.
For the “if” part, we assume f is Riemann integrable. We will use the e-criterion

<E.

in Theorem 6.2 and an j-argument to show that f is integrable. Given € > 0,

Riemann integrability implies that there exists § > 0 such that

rin-r [

for every tagged partition P with norm < §. Pick any partition P with norm < 4.

€
< —
4

By Theorem 6.4, there exist tagged partitions P’ and P with the same partition
points as P, and hence with norms < ¢, such that

R(J:P')~L(f;P)< and U(f;P)-R(f;P") <.
Since we can write

UGS P) - LU P) = [0 P) - RO P+ (RGP R[]
R [ 1RO PO RGP - (P,
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the previous three inequalities and the Triangle Inequality imply
€
U P) - L(f; Pl <47 =e (6.4)

Theorem 6.2 now says that f is integrable.
To see that the integral is equal to the Riemann integral in this case, we use the
same inequalities in the previous paragraph as follows.

b
U(f;P)<R(f;P”)+i<R/ IS
3
<R(f;P')+Z€<L(f;P)+e§U(f;P)+e.
Therefore, we have

€
< —=.
2

R [ r-uGin)

But we also have

<€

‘U(f;P)—fabf

by (6.4). Combining the previous two inequalities, we obtain
b b
RS

Since € > 0 is arbitrary, we conclude that R jab f= [ab f. O

< +

b b 3e
R [Cr-vp)|+ ey - [ f’<2

In view of Theorem 6.5, the words integrable and Riemann integrable are inter-
changeable.

6.2.3 FEzxercise

(1) Using Definition 6.6, write down what it means for a bounded function f on
[a,b] to not be Riemann integrable on [a,b].

(2) Prove Lemma 6.1.

(3) Prove the second inequality in Theorem 6.4.

(4) Without using Theorem 6.5, prove that when f is Riemann integrable on [a, ],
the value of the Riemann integral R fab f is unique.

(5) Prove the following Cauchy criterion for Riemann integrability. A
bounded function f on [a,b] is Riemann integrable if and only if, for every
€ > 0, there exists § > 0 such that

|R(f; P) - R(f; Q)| <€

for any two tagged partitions P and () with norms < 4.
(6) Using the previous exercise, prove that the characteristic function xg of Q is
not Riemann integrable on [0,1].
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(7) Suppose f is Riemann integrable on [a, b] and that each P, is a tagged partition
with lim ||P,|| = 0. Prove that
b
R/ f=1lm R(f;P,).
a n—oo

(8) For an integrable function f on [0, 1], prove that
1 n i\ 1 n i-1\1
= 1i —|—-=1 — .
Jo o= tm 2 (G)5 - m 2 (50)

n—oo n n—o0o

(9) Give an example of a bounded function f for which the limits in the previous

exercise both exist, but f is not integrable on [0, 1].

(10) Give an example of an integrable function f on [0, 1] such that fol f =0 and
that f(x) # 0 for all  in [0, 1].

(11) Prove that the function f:[0,1] — R given by f(z) = sin(%) if 40 and
f£(0) =0 is integrable.

(12) Consider the function f:R — R given by f(z) = x if x is rational and f(x) = -z
if x is irrational. Prove that f is not integrable on any closed bounded interval.

6.3 Basic Properties of Integrals

In this section we establish some basic properties of the integral, most of which
should already be familiar to the reader from calculus.

6.3.1 Linearity
The next result says that integrals are linear and respect inequalities.
Theorem 6.6. Suppose f and g are integrable on [a,b], and r is a real number.

(1) The sum f + g is integrable on [a,b], and

fab(f+g)=fabf+fabg-

(2) The scalar multiple rf is integrable on [a,b], and

fabrf:r/;bf.

(3) If f(x) 20 for all x in [a,b], then

[abfzo.

Proof. We will prove the first part. The other two parts are left as exercises.
Suppose P, and P are partitions of [a,b] and P = P uP,. Then we have inequalities

L(f; Pr) + L(g; P2) < L(f; P) + L(g; P) < L(f + g; P) <U(f + g; P)
<U(f; P)+U(g; P)<U(f; P1) +U(g; Po)-
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The first, the third, and the fifth inequalities follow from Theorem 6.1, while the
second and the fourth inequalities follow from Exercise (6) on page 141. Using the
above inequalities and Corollary 6.2, we obtain the inequalities

L(f; 1)+ L(g; P2) < L(f +9) <U(f +g) <U(f; Pr) + U(g; P2).
Since this holds for arbitrary partitions P; and Ps, it follows that

[+ [foceuean<vgegs [1+ ['o

from which the first part follows. O

Corollary 6.3. Suppose f and g are integrable on [a,b] such that
f(@) 2 9(x)

fabfzfabg.

Proof. By Theorem 6.6, the difference f — g is integrable, and

OSfab(f—g)=fabf—fabg,

from which the desired inequality follows. O

for all z in [a,b]. Then

6.3.2 Consecutive Intervals

The next result says that integrals can be added over two consecutive intervals.

Theorem 6.7. Suppose [ is integrable on [a,c] and on [¢,b]. Then f is integrable

on [a,b] and
(=[5

Ideas of Proof. Partitions of [a,c] and [¢,b] can be spliced together to form a
partition of [a,b]. This implies that the lower and the upper sums also have the
same property. Therefore, close estimates between the lower and the upper sums
on [a,c] and [¢,b] can be extended to all of [a,b].

Proof. This is an §-argument. Given € > 0, there exist partitions P; of [a,c] and
P, of [¢,b] such that

U(f:P) - L(f:P) < 5

for each 4. The union P = P; U P; is a partition of [a,b], and

UG P) = LU P) = S P) - L5 P)) < 5 + 5 = e
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Therefore, f is integrable on [a,b]. To prove the desired equality, consider the
inequalities

c b
[ [ r-e<UrP) U P) ~e= Ui P) -
<L(f;P)SfbfsU(f;P)<L(f;P)+e
:L(f;P1)+L(f;P2)+6Sch+[bf+6.

The desired equality fab f=17r+ fcb f now follows because ¢ is arbitrary. O

Since we defined fba f= —fabf if f is integrable on [a,b], the previous theorem
is actually valid for all a, b, and ¢, as long as the three integrals exist.

6.3.3 Mean Value Theorem for Integrals

Intuitively, this result says that the integral of a continuous function is actually the
area of a rectangle, whose width is that of the interval and whose height is the value
of the function at a certain point.

Theorem 6.8. Suppose f is continuous on [a,b]. Then there exists a point ¢ in
[a,b] such that

[ r=100-a)

Proof. Theorem 6.3 says that f is integrable. The result is obvious if f is a
constant function, so we assume that f is not constant. We are trying to show that

the real number
1 b
"= b-a /; !

is in the range of f. By the Extreme Value Theorem 4.6, f achieves its maximum

and minimum on [a, b] at some points 5 and «. If r is either f(«) or f(8), then we
are done. Otherwise, by the Intermediate Value Theorem 4.7 applied to the interval
with end points « and 3, it is enough to observe that r lies between f(a) and f(8).
From Theorem 6.1 we know that

f@-a< [ 1<) b-a).

from which we obtain the desired inequalities f(a) <7 < f(3). O

6.3.4 FExercises

(1) Finish the proof of Theorem 6.6 by proving the last two parts.
(2) Suppose f is integrable on [a,b]. Prove that |f] is integrable on [a,b] and

‘/abf Sfab|f|~




(3)
(4)
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Give an example where |f| is integrable, but f is not.

Suppose [ is integrable on [a,b] and [c,d] € [a,b]. Prove that f is integrable
on [e,d].

Suppose f is integrable on [a,b], g is a bounded function on [a,b], and that
f(x) =g(x) on [a,b] except for finitely many points. Prove that g is integrable
on [a,b] and fabf = fabg.

Suppose f is continuous on [a,b] such that ]abf = 0. Prove that f(c¢) =0 for
some point ¢ in [a,b].

Suppose f and g are continuous on [a,b] such that fabf = fab g. Prove that
f(¢) = g(c) for some point ¢ in [a,b].

Suppose f is continuous on [a,b] such that f(z) > 0 for all z and fabf = 0.
Prove that f(z) =0 for all .

Suppose f is integrable on [a,b], g is continuous on [¢,d], and that f([a,b]) €
[¢,d]. Prove that the composition g o f is integrable on [a,b].

Suppose f is integrable on [a,b]. Prove that the product f? is integrable on
[a,b].

Suppose f and g are integrable on [a,b]. Prove that the product fg is integrable
on [a,b].

Suppose f and g are continuous on [a,b] and g(z) > 0 for all z. Prove that
there exists a point ¢ in [a,b] such that

fabfg=f(0)fabg~

Use this result to give another proof of Theorem 6.8.

Give an example to show that in Theorem 6.8, the continuity assumption cannot

be weakened to integrability.

Consider the function on [0,1] given by f(x) = 0 if = is irrational, f(0) = 1,
1

and f(2) == if 2 is a rational number in lowest terms. Prove the following
n n n

statements.

(a) f is continuous at each irrational number.
(b) f is discontinuous at each rational number.
(c) f is integrable.

This function is called the Thomae function.

6.4 Fundamental Theorem of Calculus

The main purpose of this section is to prove the theorem in the section title, which

the reader should already be familiar with from calculus. Some important conse-

quences are then discussed. As in the previous sections, our goal here is to prove

these theorems rigorously, rather than doing examples about how to use them as in

calculus.
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6.4.1 Motivation

Just like chain rule is the most important derivative rule in differential calculus, the
Fundamental Theorem of Calculus is the most important result in integral calculus.
Chain rule is important because a lot of functions are compositions of simpler func-
tions. Computing the actual value of an integral is, however, an entirely different
matter. It involves first computing the lower and upper sums with respect to every
partition of the interval, and then taking the supremum of the lower sums and the
infimum of the upper sums. Moreover, the integrals of the constituent functions do
not usually tell us what the integral is for the composition. For example, try to
compute /01 22, and see if it helps you compute fol z* and [01 28 from the definition.

It is therefore necessary to develop a more convenient method for computing the
integral than using the definition. The Fundamental Theorem of Calculus serves
exactly this purpose. It drastically simplifies the computation of the integral for a
function that is actually the derivative of another function.

6.4.2 Main Theorem

Here is the Fundamental Theorem of Calculus.

Theorem 6.9. Suppose f is continuous on [a,b], differentiable on (a,b), and that
f' is integrable on [a,b]. Then

b
[ 1= - 1),
Ideas of Proof. We need to estimate
b
[ r-uo- @)

Since fab f' can be closely estimated by the lower and the upper sums, we will try to
do the same to the difference (f(b) — f(a)). Remember the Mean Value Theorem
5.7 relates such a difference to the derivative, so it is no surprise that we will use
this theorem.

Proof. Given € > 0, by Theorem 6.2, there exists a partition P = {xg < - <z, }
of [a,b] such that

U(f5P) - L(f'sP) <e.
Since € is arbitrary and
b
L(f5P)< [ 1 <U(fP),
it is enough to show that (f(b) - f(a)) satisfies the same inequalities, that is,
L(f; P) < f(b) = f(a) SU(f; P). (6.5)
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Applying the Mean Value Theorem to each sub-interval [2;_1,;], we obtain a point
w; in (z;-1,x;) such that

flwi)Az; = (i) = f(zi1).
Since
L(f'sP) < f'(wi) <ui(f'5 P),

we conclude that
L' P) = 301 P) A £ (/) f(w1e1)
< iui(f';P)Axi =U(f'; P).
i=1
The inequalities (6.5) now follow because

i(f(xi) = f(xi1)) = f(b) - f(a).
=1 D

Using the Fundamental Theorem of Calculus to compute integrals is something
the reader should already know from calculus. We adopt the notation

FO) - f) =1 ]

from calculus. We now consider other important integration theorems.

6.4.3 Integration by Parts

This theorem is the integral form of the product rule (Theorem 5.2), which says
(f9)' =f'g+fg"

Roughly speaking, integrating both sides from here yields Integration by Parts. The
formal proof uses the Fundamental Theorem of Calculus.

Corollary 6.4. Suppose f and g are continuous on [a,b], differentiable on (a,b),
and that f' and g’ are integrable on [a,b]. Then

fabfg’=fg |Z—fabf’g~

Proof. The desired equality is exactly that in the Fundamental Theorem of Cal-
culus 6.9 for the product h = fg, which satisfies the hypotheses by Exercise (3) on
page 93, Theorem 5.2, Theorem 6.3, and Exercise (11) on page 149. a
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6.4.4 Integral Form of Taylor’s Theorem
In Taylor’s Theorem 5.8, it was shown that for n > 1 the error term
Ry (z;a) = f(x) - Th(z;a)
in the degree n Taylor polynomial approximation of f at a takes the form

f(n+1)(c) n+l
CE

for some point ¢ between a and z. We now present another form of this error term
that does not give preference to any particular point in the interval determined by
a and x. To do that, we will have to use the integral. This result is also a good
demonstration of the Fundamental Theorem of Calculus and Integration by Parts.
We want to keep using = as the independent variable in the integral, so the point x
in the error term will be called b below.

Theorem 6.10. Suppose f:I = [a, 5] - R is a function such that f*) exists on
(e, B) and is continuous on I for 0 <k <n+1. Then given two distinct points a
and b in («, B), we have

Ru(bra) = [ 0=y 10 (@)

Proof. This is an induction proof for k=1,2,...,n. The kth case is

Rebia) = [ (b-2)F 70, (6:)

so the first case is the assertion

b
Ri(bia) = f) = [f(@)+ [ (@ (b-a)] = [ (b-)". (6.7)

To prove the first case, we use the Fundamental Theorem of Calculus 6.9 and
Integration by Parts with g = 2 —b. Since ¢’ = 1, the middle expression in (6.7) can
be rewritten as

[u-r@y=¢-r@ns| - [@-nr= [ o-nm
because
('~ (@) @) =0 = g(b).

This proves the first case of (6.6). The induction step is a similar argument using
Integration by Parts, which is left as an exercise. O
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6.4.5 Derivative of the Integral

In many calculus textbooks, the next two results are often collectively called the
first Fundamental Theorem of Calculus. The theme here is that a function defined
by an integral is a little bit nicer than the function being integrated.

Theorem 6.11. Suppose f is integrable on [a,b]. Define a function on [a,b] by

F(:c):faxf.

Then F is uniformly continuous on [a,b].

Ideas of Proof. The function F' can be intuitively interpreted as the area under
f over [a,z]. As x moves within the interval [a,b], the values of F vary nicely
because f is integrable. For the next two proofs, we need to estimate

Fa-Fw)= [Tr- [Tr= [

We can do this by estimating f and |z - y|.

Proof. Since f is bounded, there exists M > 0 such that
[f(z)|[<M forall zcela,b].

Given € >0, let 0 = 1. Then for z >y in [a,b] with z —y <J, we have

() - F@) < [ If1< Mz ) <

We have a similar inequality when = < y. This shows that F' is uniformly continuous
on [a,b]. O

Theorem 6.12. Suppose f and F are as in Theorem 6.11 and that f is continuous
at a point ¢ in (a,b). Then F is differentiable at ¢ and

F'(c) = (o).

Proof. First observe that

xT 1 x
F)-Fe)= [ f and ()= — ["f(©)
c Tr—CdJc

for x # ¢. Given € > 0, the continuity of f at ¢ implies that there exists § > 0 such
that

|z —c| < 6 with x € [a,b] implies |f(z)- f(c)|<e.
Therefore, for such x we have
F(x) - F(C)

T -

<€,

- fe )‘ — [T 1

which proves F'(c) = f(c) by Theorem 4.3. O
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6.4.6 Substitution

The next result is often called u-substitution or change of variables in calculus
textbooks.

Theorem 6.13. Suppose g is a continuously differentiable function on an open
interval I, J is an open interval containing the image of g, and f is a continuous
function on J. Then for any two points a <b in I, we have

b , _re® W)
| s @ = [ 7 r(ua

Proof. First note that the composition f(g(z)) is continuous on I, and therefore
so is the product f(g(z))g¢'(z). It is integrable on [a,b] by Theorem 6.3. Define

-

for z in g([a,b]). It is differentiable with F'(c) = f(¢) by Theorem 6.12. Chain rule
yields

[F(g(x)]" = F'(g(x))g () = f(g(x))g' (2).

Therefore, it follows from Theorem 6.9 that
g(b)

[ seang @ ["(Fogy-rog] - S

as desired. 0

6.4.7 FEzxercises

(1) Suppose f is continuous on [a,b] such that [° f = fwb f for all z in [a,b]. Prove
that f is the constant function 0.

(2) For a continuous function f on R, define g(x) = f;_:l f. Prove that g is
differentiable on R. Then compute g'.

(3) Write down the details of the proof of Corollary 6.4.

(4) Finish the induction step in the proof of Theorem 6.10 as follows.
(a) First prove that

(k+1) a
Rt (bia) = Ru(bia) - f(,ﬁf)!)a»— 0y

(b) Suppose the kth case (6.6) is true. Prove that
1 b
Riaia) = o [T/ = 4D (@) -2)"

(c) Apply Integration by Parts to the previous part to prove the (k+1)st case
of (6.6).
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(5) Under the hypotheses of Theorem 6.10, suppose further that a < b and that
m <|fV|< M on (a, ). Prove that
m(b—a)™*! M(b-a)™*t
(n+1)! (n+1)!
(6) Using Theorem 6.10 with a < b, give another proof of the original Taylor’s
Theorem 5.8, that is,

<R, (bja) <

. ~ f(n+1)(C) el
Ry (bsa) = m(b -a)
for some point ¢ with a < ¢ < b.
(7) Write down the details of the proof of Theorem 6.11 in the case z < y.
(8) In the proof of Theorem 6.12, we used the -6 characterization of the limit
lim,, w Write down a version of that proof that uses the sequential
definition of limits (Definition 4.2).

6.5 Additional Exercises

(1) Suppose f is continuous on [0,00), f(z) >0 for all > 0, and that [f(z)]™ =
n]oz f71 for some integer n > 2. Prove that f(z) = z for all . Here f™! is
the product of n —1 copies of f.

(2) Suppose f and g are integrable on [a,b]. Prove that min{f, g} and max{f, g}
are both integrable on [a, b].

(3) Prove that every function of bounded variation is integrable on a closed bounded
interval.

(4) Suppose f and g are integrable on some intervals, that they are both monotone,
and that the composition f o g is defined. Prove that f o g is integrable on the
domain of g.

(5) Prove that the function f(z) =1if z =1 for n € Z, and f(z) = 0 otherwise is
integrable on [0,1].

(6) A function f on [a,b] is called piecewise continuous if there exists a partition
P ={zg < - <xy} of [a,b] such that f is uniformly continuous on each open
sub-interval (x;-1, ;). Prove the following statements.

(a) A piecewise continuous function on [a,b] is bounded.
(b) A piecewise continuous function on [a,b] is integrable on [a, b].

(7) A function f on [a,b] is called piecewise monotone if there exists a partition
P ={xg < <x,} of [a,b] such that f is monotone on each open sub-interval
(wi-1,%;). Prove that a bounded piecewise monotone function on [a,b] is inte-
grable on [a,b].

(8) Suppose f is bounded on [a,b]. Prove that f is integrable on [a,b] if and
only if it is integrable on each closed sub-interval of (a,b). In this case, find
an expression of fab f in terms of the integrals of f over closed sub-intervals of

(a,d).
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Suppose f is a bounded function on [a,b] such that {R(f; P,)} is a convergent
sequence whenever {P,} is a sequence of tagged partitions with lim||P,|| = 0.
Prove that f is integrable on [a,b].

If n is a positive integer, give an example of an integrable function on some
closed bounded interval that has exactly n points of discontinuity.

Give an example of an increasing integrable function on some closed bounded
interval that has countably many points of discontinuity.

Give an example of an integrable function f on [a,b] and a integrable function
g on [¢,d] such that f([a,b]) € [¢,d] and that the composition g o f is not
integrable on [a,b].

Suppose f is defined on [a,0) and is integrable on [a,b] for all b > a. Define
the improper integral [ f = limyco fab f, if the limit exists. In this case,
we say the improper integral converges. Prove the Integral Test as follows.
Suppose ¥ a, is a series with {a,} decreasing and non-negative. Suppose f is
a non-negative decreasing function on [1,00) such that f(n) = a, for each n.

(a) Prove that

n n n-1
Ya=L(f:iP)< [ f<UP)= Y a
i=2 i=1

for the partition P ={1<2<--<n} of [1,n].
(b) Prove that the series ¥ a,, converges if and only if the improper integral
/.7 f converges.



Chapter 7

Sequences and Series of Functions

In this chapter, we discuss sequences and series of functions and their convergence
behavior. One main reason for studying sequences of functions is that it is a very
convenient way to construct examples of functions with desired properties. Two
concepts of convergence, pointwise and uniform, of sequences of functions are in-
troduced in section 7.1. In section 7.2 we discuss properties that are sometimes
preserved by the limits of a sequence of functions. Series of functions, which are
a particular kind of sequences of functions, are discussed in section 7.3. Power se-
ries, which are a particular kind of series of functions with very nice properties, are
discussed in section 7.4.

7.1 Pointwise and Uniform Convergence

In this section, we first introduce pointwise convergence of a sequence of functions.
It is the most straight forward way to define convergence in this setting. Several ex-
amples are then given to illustrate the inadequacy of this form of convergence. Then
we introduce a stronger form of convergence called uniform convergence. In the next
section, we will show that uniform convergence allows the passage of properties to
the limits.

7.1.1 Pointwise Convergence

Throughout this section, unless otherwise specified, {f,} denotes a sequence of
functions fi, fo,..., all having the same domain S ¢ R. Unlike a sequence of real
numbers as in Definition 2.1, there are now three ways to consider limits of { f,,(x)}.
First, we can consider limits with respect to the sequential index n for a fixed point
z in S. Second, we can consider limits of f,,(x) with respect to the points x € S for
a fixed index n. Finally, we can try to vary both n and z in f,(x). We begin with
the first version of convergence.

Definition 7.1. Let {f,,} be a sequence of functions and f be a function defined on
S c R. Then we say the sequence converges pointwise to f on S if, for each x in

157
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S, the sequence {f,(x)} converges to f(z). In this case, we say f is the pointwise
limit of the sequence on S and write

fn — f pointwise or f=lim f,.
n—oo

So f, — f pointwise on S means, for each = in S and each € > 0, there exists N
such that

n>N implies |fn(x)- f(z)|<e

The key point here is that this N depends on both z and e. In other words, even
for a fixed € > 0, two different points x and y would normally require two different
integers, say N(z) and N(y). As z varies through the domain S, the set of N(x)
may well be unbounded. Thus, there may not be a single integer N that can work
for all the points x in S.

To see whether pointwise convergence is a good enough concept of convergence of
sequences of functions, let us consider some examples. We will examine what prop-
erties, if any, are automatically transferred from the functions f, to the pointwise
limit. The reader should try to fill in the details of the following examples.

7.1.2 Examples of Pointwise Convergence

The first example demonstrates that the property of having a certain limit at a
point is not usually transferred to the pointwise limit.

Example 7.1. Consider f, = 2™ on [0,1). Then f,, — f = 0 pointwise on [0,1).
The point 1 is a limit point of [0,1). But for each n we have lim,_,; f, = 1, while
lim,_1 f = 0. Therefore, we have

lim lim f, =041= lim lirri f- (7.1)

r—1n—o0 —>00 T—>
So the two limit operations, lim,_1 and lim,, ., do not commute. This is another
way of saying that the property of having limit 1 as z — 1 is not transferred to
the pointwise limit. To say it yet another way, preservation of the limit operation
lim, . is really about the commutation of lim,_,. and lim,, -

The next example shows that continuity is not usually transferred to the point-
wise limit.

Example 7.2. Modify the previous example, and consider f,, = 2™ on [0,1]. Define
fon[0,1] by f(x)=0if 0 <2 <1 and f(1) =1. Then f, - f pointwise on [0,1].
Each f, is continuous at 1, but f is not because

lin% lim f, = lin% fx)=04#1=f(1) = lim lin% fn-

Therefore, we again have the non-commutation of limit operations, this time ex-
pressing the non-preservation of continuity in the pointwise limit.
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The next example shows that integrals do not behave nicely with respect to
pointwise convergence.

Example 7.3. For n > 2 consider the functions f, on [0,1] defined as

0 if0<z<l-2,
fa(@)=in*(z-1)+2n ifl-2<x<l-2,
-n?(z-1) if1-L<a<l

The easiest way to understand f,, is to look at its graph, which has a triangular
spike over [1 - %, 1] with height n. Each f,, is continuous, and hence integrable, on
[0,1] with /01 fn =1. On the other hand, we have f,, - f = 0 pointwise on [0,1]
and fol f =0. Therefore, we have
[1 lim fo=041=tim [ f.
0 0

n—oo n—oo

This non-commutation of the limit operation lim,,_, . and the integral [01 says that
the integral of the pointwise limit does not need to be the limit of the sequence of
integrals.

The following example illustrates that derivatives do not behave nicely with
respect to pointwise convergence.

Example 7.4. Consider the functions f, = 1sin(n?z) on [0,1]. Then f}(z) =
ncos(n?x), so lim,, .« f/(x) does not exist for any x. On the other hand, we have
fn = f =0 pointwise on [0,1], so f" =0. Therefore, we have

!
[lim fn(x)] ~04 lim f'(x).
n—o0o n—>oo
This non-commutation of the limit operation lim, .., and the derivative says that

the derivative of the pointwise limit does not need to be the limit of the sequence
of derivatives.

As the examples above illustrate, pointwise convergence is not strong enough
for the pointwise limit to inherit good properties from the functions f,. We now
introduce a stronger form of convergence, which will be studied further in the next
section, that ensures that certain properties are preserved in the limit.

7.1.3 Uniform Convergence

Definition 7.2. Let {f,} be a sequence of functions and f be a function defined
on S € R. Then we say the sequence converges uniformly to f on S if, for each
€ > 0, there exists an integer N such that

n>N implies |fn(x)- f(z)|<e forall z in S.

In this case, we say f is the uniform limit of the sequence on S and write f, — f
uniformly.
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It is an easy exercise to see that uniform convergence implies pointwise conver-
gence. Therefore, when f, — f uniformly on S, we can also write f = lim;, e fin-
The key point of uniform convergence is that, given € > 0, there is one integer N that
works for all z in S. Intuitively, this says that the graphs of f,, for all n sufficiently
large are within an e-tube of the graph of f. We will show in the next section that
uniform convergence forces the passage of several good properties to the uniform
limit.

7.1.4 Examples of Uniform Convergence

Example 7.5. In Example 7.1, the sequence f, = 2" does not convergence uni-
formly to f =0 on [0,1). Indeed, set € = 3. Then for any integer N > 0, any point

x satisfying 2V <x<l yields
1
|z 0> = =e
2

This shows that f,, - f pointwise but not uniformly on [0,1).

Example 7.6. In Example 7.4, the sequence f, = %sin(nzx) converges uniformly
to f=0on [0,1]. Indeed, given € > 0, simply choose N such that Ne > 1. Then for
n >N and all z in [0,1], we have

1., 1 1
—sin(n“z) -0/ < — < —

n ( ) n N

Therefore, we have f,, - f uniformly on [0,1]. Example 7.4 and this example
together imply that uniform convergence is still not strong enough to ensure the

< €.

preservation of derivative in the uniform limit.

Example 7.7. On [0,1] consider the function f, = £. Then we have f, - f =0

uniformly on [0, 1]. Moreover, since f/ = 1, we have

=<,
A
[lim fn(x)] =0= lim f,(z),
n—o0o n—o00
unlike Example 7.4. Therefore, in this case the limit operation lim, .., and the
derivative do commute.

7.1.5 Uniformly Cauchy

Definition 7.2 can be hard to use in practice because one has to know the uniform
limit f in advance to show that f,, converges to it uniformly. Analogous to Theorem
2.10, we would like to describe a uniformly convergent sequence of functions without
having to know the uniform limit in advance. To achieve this we need the following
concept, which is the functional counterpart of a Cauchy sequence.

Definition 7.3. A sequence of functions {f,} on S is said to be uniformly
Cauchy on S if, for every € > 0, there exists IV such that

n,m>N implies |f,(z)- fm(z)|<e forall zin S.
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The following Cauchy criterion for uniform convergence is the functional
counterpart of Theorem 2.10.

Theorem 7.1. A sequence of functions {f,} converges uniformly to a function f
on S if and only if it is uniformly Cauchy on S.

Ideas of Proof. Both directions are §-arguments similar to the proofs of Theorems
2.9 and 2.10.

Proof. For the “only if” part, suppose € > 0 is given. Then there exists N such
that

n>N implies |fu(z) - f(z)] < % for all z in S.
Thus, for n,m > N and x in S, we have

[fn(@) = frn(@)] < [ ful) = f(@)]+[f(2) = frm(@)| <€,
showing that {f,} is uniformly Cauchy.

To prove the “if” part, assume that {f,} is uniformly Cauchy on S. For the
function f, first note that {f,(z)} is a Cauchy sequence, and hence a convergent

sequence, for each z in S (Exercise (5) below). We may therefore define
f(z)=lim f,(z) foreachzin S.

To see that we have uniform convergence, suppose € >0 is given. Then there exists
N such that

n,m >N implies |fn(z) - fm(z)|< % for all z in S.

We have the inequality

which holds for all m,n and x in S. The first term on the right is < £ for all = as
long as n,m > N. Regardless of what x is, a large enough m, depending on x, will
make the second term on the right also < 5. Therefore, we have shown that f,, - f
uniformly on S. |

We will make use of Theorem 7.1 in the next section to show that uniform
convergence preserves certain functional properties.

7.1.6 Ezxercises

(1) Write down explicitly what it means for a sequence of functions {f,} to not
converge pointwise or uniformly to a function f on S.

(2) Prove that if {f,,} converges uniformly to f on S, then f,, converges pointwise
to fon S.
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(3) Prove that {f,} converges uniformly to f on S if and only if
lim (sup {|fn(2) - f(2)] : w€S}) =0.

(4) Prove that the uniform limit of a uniformly convergent sequence of functions
is unique. In other words, if {f,} converges uniformly to f on S and {f,}
converges uniformly to g on S, then f =g on S.

(5) Suppose {f,} is uniformly Cauchy on S. Prove that {f,(z)} is a Cauchy
sequence for each x in S.

(6) In each case, determine whether {f,} converges pointwise, uniformly, or nei-
ther.

) Jn=12 on [0,

T

b] or [0, 00).
= on [0
0

(a
(b) f ,1] or [0,1).
(¢) fn =11 on [0,1] or [0, c0).
(d) fn-= 13{%3 n [0,b] or [0, 00).
) f
) f

l+nz
nx

( on [0,00).
( on [0,b] or [0, 00).

)

- r+n

Lz}

(7) Prove that in Example 7.1 f,, = 2™ - f = 0 pointwise on [0, 1).
(8) Prove that in Example 7.2 limy,_co fr = [01 f
(9) In the context of Example 7.3:

I

(a) Sketch the graph of fn. Then prove that it is continuous on [0,1].
(b) Prove that fo fo=1

(c) Prove that f, - f =0 pointwise on [0, 1].

(10) In the context of Example 7.4:
(

Sketch the graph of f,,. Compare the graphs of f1, fo, and f3.
Prove that lim,,_ f, (z) does not exist for any x.

(c) Prove that f, > f =0 p01ntW1se on [0,1].

(d) Prove that lim,,, e fo fn= [0

(11) In the context of Example 7.7:

I
(a) Sketch the graph of f,,. Compare the graphs of fi, f2, and f5.
(b) Prove that f, - f=0 umformly on [0,1].

(c) Prove that lim,, fo fn= fo

(12) Suppose each f, is an increasing function and that {f,} converges pointwise
to f on [a,b]. Prove that f is increasing.

(13) Suppose {f,} converges uniformly to f on S with each f, continuous and
that {a,} is a sequence in S converging to a in S. Prove that the sequence
{fn(an)} converges to f(a).

(14) In the previous exercise, give an example to show that {f,(a,)} may not
converge to f(a) if uniform convergence is replaced by pointwise convergence.

(15) Prove that a sequence { f,,} is uniformly Cauchy if and only if, for every € > 0,
there exists N such that

n>m>N implies |fn(x)- fm(x)|<e forall zeS.

(b

—_ D
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7.2 Interchange of Limits

In this section we discuss several functional properties that are preserved by uniform
convergence. As explained in the previous section, each such preservation result can
be interpreted as a commutation property between the limit operation lim,,_, ., and
the functional property under consideration. Another main theme in this section is

that we will recycle essentially the same <-argument many times.

£-
7.2.1 Preservation of Limits

Example 7.1 shows that pointwise convergence is not strong enough to force the
limit operation lim,_,. to pass from f, to the pointwise limit. The following result
shows that uniform convergence is strong enough for this purpose.

Theorem 7.2. Suppose f,, converges uniformly to f on S, ¢ is a limit point of S,
and that the limit a,, = lim,_,. f,(x) exists for each n. Then the sequence {a,} is
convergent and

lim f(x) = lim a,.

r—c

Ideas of Proof. Both assertions are g-arguments. To see that {a,} is Cauchy, we
use the estimates

an ~ fr(2) & frn(2) & ap,.

Here each wavy equal sign » means that the two quantities next to it can be closely
approximated. The first and the last » hold if x is sufficiently close to ¢, while the
middle »~ holds for large enough n and m. For the equality of limits, we use the
estimates

lim a, ~ an, » fn(x) » f(2).
The first and the last ~ hold for large enough n, while the middle ~ holds when x

is close enough to c.

Proof. To prove that {a,} is convergent, it suffices to show that it is a Cauchy
sequence. Given € > 0, the uniform convergence assumption and Theorem 7.1 imply
that there exists N such that

n,m>N implies |fn(z) - fm(z)|< % for all x in S.
For any such n and m, we also know that there exist §; and ds > 0 such that
O<|z-¢ <01 implies |fn(z)-ay|< %
and

O<|z—c|<de implies [fim(z)—am|< g,
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provided x is in S. Thus, as long as n,m > N and 0 < |z — ¢| < min{d;, 2} with z in
S, the inequality

lan = am| <lan = fo(@)] + [fa(2) = fr (@) + | frm(2) — aml
implies
|an, — am]| < €.

Therefore, {a,} is a Cauchy sequence, and hence a convergent sequence. The as-
sertion about the equality of limits is proved by a similar £-argument, which is left
as an exercise. O
The equality of limits in Theorem 7.2 can be written as
lim lim f,(z) = lim lim f, ().
T—=>CN—>00 n—oo r—>Cc

In other words, under the hypothesis of uniform convergence, the limit operations
lim,,_, o and lim,_,. commute.

7.2.2 Preservation of Integrals

Example 7.3 shows that pointwise convergence is not strong enough to force the
integral to commute with the limit operation lim,,_ .. The following result shows
that uniform convergence is strong enough for this purpose.

Theorem 7.3. Suppose f, converges uniformly to f on [a,b], and each f, is inte-
grable on [a,b]. Then f is also integrable on [a,b], and

b b
fleim .

Ideas of Proof. The integrability of f is again proved by an
the approximations

€

$-argument, using

U(f; P) % U(fn; P) » L(fn; P) » L(f; P).

The two outer ~ hold for large enough n, while the middle » holds for partitions P
with small enough norms. The equality is proved using the approximation f ~ f,
for large enough n and Corollary 6.3.

Proof. To prove that f is integrable on [a,b], suppose € > 0 is given. By uniform
convergence there exists N such that
n>N implies |f,(z)- f(x)|< —°  forallzin [a,b].
3(b-a)

Fix such an n, for example, n = N. The integrability of f,, implies the existence of
a partition P of [a,b] such that

U(fn;P) _L(fn;P) <

Wl o
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In each sub-interval of P, we have

and  |l;(f) = Li(fn)l <

3(b a) 3(b a)’

Therefore, the inequalities
U(f;P)-L(f; P)
<|U(fs P) = U(fu; P)| +|U(fns P) = L(fn; P)| + |L(fn; P) = L(f; P)|
< Dl i F)| A+ £+ Sl fa) =LA

S3-m PV 3(b 30yl TY e

imply that f is integrable on [a,b].
For the equality, suppose € > 0 is given. Then uniform convergence implies that
there exists N such that

n >N implies |fn(gz:)—f(gc)|<bL for all z in [a,b].
-a

For such n, the inequalities

(2) < f(2) < 5+ ful@)

—e+/;bfn§fabf§e+fabfn.

b
fn
a

and Corollary 6.3 imply

This is equivalent to

<e.

The desired equality follows. O

The equality in Theorem 7.3 can be written as

hm fn= hm fn

a n—oo

In other words, under the hypothesis of uniform convergence, the integral fab and
the limit operation lim,,—. commute.

7.2.3 Preservation of Continuity

Example 7.2 shows that pointwise convergence is not strong enough to preserve
continuity. The following result shows that uniform convergence is strong enough
for this purpose.

Theorem 7.4. Suppose f,, converges uniformly to f on S, and each f, is contin-
wous at a point ¢ in S. Then f is also continuous at c.
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Ideas of Proof. It is possible to obtain this result using Theorem 7.2; the details
are left as an exercise. Here we provide a direct proof using an £-argument via the
approximations

f(@) ~ fu(@) » fn(c) » f(c).

The two outer ~ hold for large enough n. The middle ~ holds for z close to c.

Proof. Given € > 0, uniform convergence implies there exists N such that
n>N implies |f(z)- fn(x)|< g for all z in S.

Fix such an n, for example, n = N. Continuity of f,, at ¢ implies there exists § > 0
such that

jw=c <6 implies [fu(x) - fu()| < 5,
provided x is in S. Therefore, the inequalities

[f (@) = f() <1f (@) = fa(@)[ + [fn(z) = fa()] +1fn(c) = f(c)] < €
hold whenever |z —¢| < § with z in S. This shows that f is continuous at c. O

When c is a limit point of S, using (4.1) the conclusion of the previous theorem
can be written as

lim lim f,(z) = lim flx)=f(c)= li_{rolo fnle) = 11_{210 lim fn(z).

r—>Cn—>oo

In other words, under the hypothesis of uniform convergence, the limit operations
lim,,_, o and lim,_,. commute.

7.2.4 Preservation of Derivatives

Examples 7.4 and 7.6 together show that uniform convergence is not strong enough
for the preservation of derivatives. One way to ensure derivatives are preserved is
to have uniform convergence for the derivatives and convergence at a single point.

Theorem 7.5. Suppose each f, is differentiable on an open interval I containing
[a,b], there exists a point o in [a,b] such that {fn(a)} is a convergent sequence,
and f! converges uniformly to a function g on [a,b]. Then:

(1) fn converges uniformly to a function f on [a,b].
(2) f is differentiable on (a,b) with f' = g.

Ideas of Proof. The Mean Value Theorem 5.7 is a way to relate a function

and its derivative, so it is no surprise that we will use it. The first assertion is

proved by an $-argument. The other assertion is proved by an £-argument via the

approximations

J(@) = F(d)  fule) = ) _

— LIl @) ~ o).
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The last ~ holds for large enough m, while the middle » holds for x close enough to
d. The first » requires a bit of work.

Proof. For the first assertion, we will show that {f,} is uniformly Cauchy, which
is enough by Theorem 7.1. For each point z in [a,b] and any two indices n and m,
the Mean Value Theorem applied to f,, — f,, yields a point ¢ between x and « such
that

fa(@) = fr(@) = [fn(@) = fm(@)]+ (2 - ) [ fr(c) = fra(0)].
We know that {f,(a)} is a Cauchy sequence, and {f/} is uniformly Cauchy. Thus,
given € > 0, there exist N7 and Ns such that

mom > Ni - implies [fu(a) - fn(e)] < 5

and
€

2(b-a)
Since |z - a| < b-a, for n,m > max{Ni, N2}, we have
[fu(2) = fn ()] <[ fnl@) = fm(@)] + |2 =l f,(c) = fr.(c)]
€ €
—+(b- = €.
< 2+( a)Q(b—a) €
This proves that {f,} converges uniformly to a function f on S.

Pick a point d in (a,b), and we will show f'(d) = g(d). For any two indices n
and m, the Mean Value Theorem applied to f,, — f;, on the interval determined by
d and z # d in (a,b) yields a point e between d and z such that

fnx_fnd fmm_fmd
21D _Inl)=InlD) _ 1) - g0,
x—d x—d
Given € > 0, using the above equality, the uniform convergence of { f; } now implies
there exists N7 such that

n,m> Ny implies |f) (y) - f,.(v)] < for all y in S.

n,m > N; implies

fn(x) _fn(d) _ fm(m) _fm(d)‘ < €
-d 3

z-d T
At this moment d and z are fixed. So keeping m > N fixed and taking the limit
lim,_, in the above inequality, we obtain

f(@) - f(d)  fm(z) = fm(d)
r—d r—d

Since g(d) = limy,—e f;,(d), there exists N such that
m >Ny implies |f) (d) - g(d)| < %

<

€
3

Now set m = max{Ny, Na}, so the previous two inequalities both hold. The differ-
entiability of f,, at d implies the existence of § > 0 such that

fm(m)_fm(d) / €
I I —fm(d)‘ <%

O<|z—-d|<d implies




168 A First Course in Analysis

€

provided z is in (a,b). Therefore, for such z, the last three 5-

imply

inequalities together

-g(d)| <e.

‘f(ﬂ?)—f(d)
r—d

This proves the differentiability of f at d and f'(d) = g(d). O

The assertion f’ =g in the previous theorem can be written as

a4 ( lim fn) = lim df—n
dx n—oo0 n—o00 dm
In other words, under the stated hypotheses, the differential operator % and the

limit lim,,—., commute.

7.2.5 FEzxercises

(1) If {f} and {g,} converge uniformly on S to f and g, respectively, prove that
{fn + gn} converges uniformly on S to f +g.

(2) In the previous exercise, give an example to show that {f,,g, } may not converge
uniformly on S to fg.

(3) Suppose {f,} and {g,} converge uniformly on S to f and g, respectively, and
that all the f,, and g,, are bounded on S. Prove that { f,,g,} converges uniformly
on S to fg.

(4) Give an example with the following properties. The sequence {f,} converges
to f pointwise on an interval [a,b], each f,, is integrable on [a,b], and f is not
integrable on [a,b].

(5) Suppose f, converges uniformly to f on S, and each f,, is uniformly continuous
on S. Prove that f is uniformly continuous on S.

(6) Prove the equality of limits in Theorem 7.2. Also, where exactly in that proof
is the hypothesis that c is a limit point of .S used?

(7) Prove the following statement that was used in the proof of Theorem 7.3. If

lg(x) = f(z)]<d forall zelbS,
then
|sup{g(z) : €S} -sup{f(x): xeS}<d
and
[inf{g(x) : z €S} —inf{f(z): xeS} <0

(8) The proof of Theorem 7.4 uses the e-0 characterization of continuity. Write
down a version of that proof that uses Definition 4.5 of continuity.
(9) Use Theorem 7.2 to give another proof of Theorem 7.4.
(10) Give an example to show that the conclusion in Theorem 7.2 may still hold
even if f, does not converge uniformly to f.
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(11) Give an example to show that the conclusion in Theorem 7.3 may still hold
even if f,, does not converge uniformly to f.

(12) Give an example in which f,, is not continuous at any point on [0,1], and f,
converges uniformly to a continuous function on [0,1].

(13) Suppose {f.} converges uniformly to f on S and that each f, is bounded on
S. Prove that f is bounded on S.

(14) In the previous exercise, give an example to show that f may not be bounded
if uniform convergence is replaced by pointwise convergence.

(15) A sequence of functions { f,,} on S is called uniformly bounded if there exists
a real number M such that |f,(z)] < M for all n and x in S. Suppose {f,}
converges uniformly to f on S and that each f, is bounded on S. Prove that
{fn} is uniformly bounded.

(16) In the previous exercise, give an example to show that {f,} may not be uni-
formly bounded if uniform convergence is replaced by pointwise convergence.

7.3 Series of Functions

As discussed in chapter 2.5, a series is a particular kind of a sequence in which
the nth term is a partial sum of n quantities. In this section we consider series
of functions. We first establish a Cauchy Criterion, the Weierstrass M-Test, and
some results about interchange of limits for series of functions. Then we construct
a function that is continuous on R but is nowhere differentiable.

7.3.1 Definition

Definition 7.4. Suppose {f,} is a sequence of functions on S. The sequence of
functions {s,} on S with each

sm=frtot fu= S,
i=1

is called a series of functions, also written as ). f,,. The function s,, is called the
mth partial sum. If {s,} converges pointwise or uniformly to a function f on S,
then we also write

f:an

Convergence results about series of real numbers and sequences of functions can
now be used to obtain convergence results for series of functions.

7.3.2 Cauchy Criterion

Applying Theorem 7.1 to a series of functions, we obtain the following Cauchy
criterion for uniform convergence.



170 A First Course in Analysis

Corollary 7.1. A series of functions Y, f,, converges uniformly to a function on S
if and only if, for every € >0, there exists N such that

n>m>N implies <e forallzinS.

i fi(x)

1=m+1

Proof. First observe that
n
Sp = Sm = Z f’L
i=m+1

for n > m. Therefore, the stated condition says exactly that the sequence of func-
tions {s,} is uniformly Cauchy, which by Theorem 7.1 is equivalent to uniform
convergence. (Il

A particularly useful consequence of the previous Cauchy criterion is the follow-
ing test for uniform convergence.

7.3.3 Weierstrass M -Test

Corollary 7.2. Suppose for each n there exists a real number M, such that
|fn(x)| < M,, for all z in S.

If the series Y, M, converges, then the series of functions Y. f,, converges uniformly

on S.

Proof. By Theorem 3.1, for every € > 0, there exists N such that n > m > N
implies

n

< 3 @l Y M<e

i=m+1 i=m+1

)

i=m+1

for all z in S. Corollary 7.1 now says that the series of functions Y f,, converges
uniformly. |

Example 7.8. By the Weierstrass M-Test, the series
» 1
(x+n)P
converges uniformly on [0,00) if p > 1, since Y, nip is a convergent p-series.
Be careful that, unlike the Cauchy criterion, the Weierstrass M-Test is a one-

way implication. So if the series Y. M,, diverges, then there is no conclusion to be
made from the Weierstrass M-Test.
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7.3.4 Interchange of Limits

Results about interchange of limits in the previous section can be applied to series
of functions. The proofs of the next few results are immediate applications of the
corresponding results in the previous section.

The following result is the special case of Theorem 7.2 when applied to a series
of functions.

Corollary 7.3. Suppose a series of functions Y. f, converges uniformly to f on S,
¢ is a limit point of S, and that the limit a,, = lim, . () exists for each n. Then
the series Y. a, is convergent and

li = .
lim f(x) Z an
The equality of the previous corollary may be written as

tin (3 () = 2 (tm £.(2)).

In other words, under the hypothesis of uniform convergence, the limit operation
lim,_,. and the series operation Y. commute. The next result is the special case of
Theorem 7.3 when applied to a series of functions.

Corollary 7.4. Suppose a series of functions Y f, converges uniformly to f on
[a,b], and each f, is integrable on [a,b]. Then f is also integrable on [a,b], the
series Y. fab fn) is convergent, and

[=2(/#)

The equality of the previous corollary may be written as

[em-2([f #)

In other words, under the hypothesis of uniform convergence, the integral [ab and
the series operation ), commute. This is saying that the integral of the limit can
be computed by first integrating each term. The following result is the special case
of Theorem 7.4 when applied to a series of functions.

Corollary 7.5. Suppose a series of functions Y. f, converges uniformly to f on S,
and each f, is continuous at a point ¢ in S. Then f is also continuous at c.

When ¢ is a limit point of S, the conclusion of the previous theorem can be
written as

tim (3 f(@)) = 3 (tm fu(@))

The next result is the special case of Theorem 7.5 when applied to a series of
functions.
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Corollary 7.6. Suppose each f, is differentiable on an open interval I containing
[a,b], there exists a point o in [a,b] such that ¥ f,(«) is a convergent series, and
> fr converges uniformly to a function g on [a,b]. Then:

(1) ¥ fn converges uniformly to a function f on [a,b].
(2) f is differentiable on (a,b) with f'=73 f}.

The equality in the previous corollary may be written as
d dfn
&0 -2(3)

In other words, under the stated hypotheses, the differential operator % commutes
with the series operation ).. This is saying that the derivative of the limit can be
computed by differentiating each term f,,.

7.3.5 A Continuous Nowhere Differentiable Functions

Here we construct a continuous function on R that is not differentiable at any point.
There are two purposes of this example. First, it shows that some weird things can
happen for a continuous function. In fact, it almost defies the imagination that a
continuous function on R can be nowhere differentiable. Second, the construction
is a good illustration of the Weierstrass M-Test and Corollary 7.5.

Let us first explain the ideas for the construction. We will construct a continuous
function f =Y f,,. With carefully chosen values h,, that converge to 0, the difference
quotients ﬁ(f(x+hn) - f(2)) can be made to jump between odd and even integers
as n increases. This suffices to show that f is not differentiable at x. For the actual
construction, we need the following definition.

Definition 7.5. Let p be a positive real number. A function f on R is called
p-periodic if it satisfies

f(z+p)=f()

for all z in R.

A p-periodic function is uniquely determined by its values in the interval [0, p].
Conversely, given a function f on [0,p] with f(0) = f(p), there exists a unique
p-periodic function on R that agrees with f on [0, p].

Now let fy be the 2-periodic function uniquely determined by

fo(l‘):{x ifo<a<l,

2-x fl<z<2

For k > 1 define

(@) = 5 fo(44),
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which is %—periodic. Graphically, fy consists of the [-1,1] portion of the graph of
||, which is then made 2-periodic. Over [0, 2] its graph has the shape of a pyramid
of height 1. It consists of two lines, one with slope 1 and the other with slope —1.
Over [0, %] the graph of fi is a pyramid of height i, and four of these are inscribed
inside the pyramid of fy over [0,2]. The lines in its graph have slopes either 1 or
—1. In general, the graph of fi,1 consists of little pyramids that are four times as
small, both in width and in height, as those in fj.
Each function fj is continuous on R and satisfies

|fx(2)] < 4% for all x in R.
Therefore, the Weierstrass M-Test (Corollary 7.2) says the series of functions Y72 fi
converges uniformly to a function f on R. Moreover, by Corollary 7.5 the function
f is continuous on R.
Now we observe that f is not differentiable at any point. Pick a point ¢ in R,
and we will show that f is not differentiable at c¢. For each integer k > 0, define

hy, = i4k+1’

where the sign + is chosen such that both 4%c and 4% (¢ + hy) lie in the interval
[m,m + 1] for some integer m. This is possible because 4*hy, = :I:%. For each k, the
choice of hy and the %—periodicity of f; imply
+h, if0<i<k,
filethy) = fi(e) = o (7.2)
0 ifi>k.

For example, we have

fre1(c+hi) = frer(c) =0

because fii1 is 4,C%—periodic. Likewise, we have

frlc+hg) = frler) = f0(4k(c+hzz) ~ fo(4ke) ]

Therefore, the relevant difference quotient of f is

fle+hy) = f(e) & file+hy) - file) &
e _Z(:) . —Z;)il.

:!:hk.

(7.3)

This last quantity is odd when k is even, and it is even when k is odd. Therefore,
this sequence of difference quotients does not converge. Since the sequence {hy}
converges to 0, we conclude that limp_q W does not exist.

7.3.6 FEzxercises

(1) Determine whether the following series converge uniformly.
(a) ¥ C%n# on R.
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(11)
(12)

(13)
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(b) ¥ =5 on [1,2] or [2,0)
(c) ¥ & on [1,2] or [2,00).
(d) X a™on [-r,r] for 0<r<1or (-1,1).
e) Zfl—; on [-1,1] or R.

—_

f) Z(%)n on [-r,r] for 0<r <2 or (-2,2).

Write down the details of the proof of Corollary 7.3.

Write down the details of the proof of Corollary 7.4.

Write down the details of the proof of Corollary 7.5.

Write down the details of the proof of Corollary 7.6.

Suppose Y. f,, converges uniformly to f on S, and each f,, is uniformly contin-

uous on S. Prove that f is also uniformly continuous on S.

Suppose Y. f,, and Y g, converge uniformly to f and g on S, respectively. Prove

that 3 (fn + gn) converges uniformly to f+g on S.

Suppose Y. fn converges uniformly to f on S. Prove that the sequence of func-

tions {f,} converges uniformly to the 0 function. This is the functional analog

of Corollary 3.2.

Prove that a p-periodic function f is uniquely determined by its values in [0, p],

and f(0) = f(p)-

Suppose f is a function on [0, p] such that f(0) = f(p). Prove that there exists

a unique p-periodic function g on R such that g(z) = f(z) for  in [0,p]. The

function g is called the periodic extension of f.

Suppose f is a p-periodic function, and k is a positive integer. Prove that f is

kp-periodic.

Suppose f is a p-periodic function, and r is a positive real number. Prove that

g(x) = f(ra) is B-periodic.

In section 7.3.5:

(a) Sketch the graphs of fy, f1, and fs.

(b) Prove that each f is continuous on R.

(¢) For each point ¢ in R and integer k > 0, prove that there exists a sign, + or
—, such that both 4*¢ and 4% (c+ 2+ ) lie in the interval [m, m+ 1] for some
integer m.

(d) Justify (7.2) and (7.3).

This exercise provides another continuous nowhere differentiable function using

a variation of the construction in section 7.3.5. With the same notations there,

define

o 3\ k i
o)=Y () folata.
k=0

(a) Prove that g is continuous on R.

(b) Prove that
k-1 k
S T Ay
i=0 2

‘9(0+ hi) —g(c)
hi
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(¢) Use the previous part to conclude that g is not differentiable at c.

7.4 Power Series

In this section, we discuss power series. They are particular examples of series of
functions that have very nice properties. We will study two issues. First, given a
power series, find where it is pointwise or uniformly convergent, and see whether its
derivative and integral can be computed term-wise. Second, given a function, find
where it can be represented by a power series. Let us begin with some definitions.

7.4.1 Definitions

Definition 7.6. Given a point ¢ in R, a power series at c is a series of functions
of the form

Nad .

Yoai(z-c) =ag+ari(z—c)+-,

i=0
where each a; is a real number.

We will often omit “at ¢” when we talk about power series. Observe that a power
series is a series of functions ¥ f; in which f; = a;(z — ¢)? is a degree i polynomial,
provided a; # 0. In particular, each f; is defined on R and has all higher derivatives.
Moreover, a power series at ¢ must converge at the point z = ¢, since f;(¢) =0 for
all ¢ > 0. The main question is where a power series converges besides the point
x = c. First recall from section 3.4 the concept of absolute convergence, the Root
Test, and the Ratio Test. We will also use the concept of limit superior discussed
in section 2.4.

Let us briefly motivate the next definition. Since f; = a;(x - ¢)? is a degree i
polynomial, this suggests a comparison with a geometric series Y. 7%, so we have the
estimate

ai(z—c)' ~ o',
The geometric series is convergent exactly when |r| < 1. Thus, taking the ith root
above suggests that a condition similar to
1 .
|z —c| < — for large ¢
|
should guarantee the absolute convergence of the power series. This leads to the

i

following definitions.

Definition 7.7. For a power series ¥ a;(z — ¢), write L = limsup |a,|. Define its
radius of convergence as the extended real number

0 if L =o0,
R=1{7 if0<L<oo,

+o00 if L=0.
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Its interval of convergence is defined as the open interval (¢c— R,c+ R) if R> 0,
and as the single point {c} if R =0.

7.4.2 Convergence

The discussion just before the previous definition is made precise in the following
convergence theorem.

Theorem 7.6. Suppose ¥ a;(x—c)® is a power series with radius of convergence R.

(1) The power series is absolutely convergent for x in the interval of convergence.
(2) The power series is divergent if |z —c| > R.

Proof. We will prove the case

0 < L = limsup |a,| < oo.
The cases L = 0 and L = oo are exercises. By the Root Test (Theorem 3.7), the
power series is absolutely convergent if

lim sup|ay, (x - c)"|% =z - (limsup |an|%) =lz-cL<1.
This is equivalent to saying x is in the interval of convergence. The Root Test also
says that the power series is divergent if

lim sup |a, (x - c)"|% =lx—¢L>1.
This proves the theorem. (I

As the reader learned in calculus, the convergence behavior of a power series at
the end points c+ R of the interval of convergence needs to be determined separately.
The convergence tests developed in chapter 2.5 can be used for this purpose. One
must be careful that Theorem 7.6 only tells us where the power series converges
pointwise, namely, the interval of convergence, possibly including the end points. It
does not say where it converges uniformly, which we will discuss shortly.

To determine the radius and interval of convergence, one has to compute
lim sup|an|%, which may not be an easy task. In practice one can often get away
with an easier computation as follows. As a consequence of Theorem 2.14 and
Exercise (6) on page 76, if the limit

L' = lim

n—oo

(p+1

(7.4)

2%
exists as an extended real number, then it is equal to lim |an|%. Therefore, we have
the following result about the radius of convergence.

Theorem 7.7. Suppose ¥ a;(x—c)® is a power series such that the limit L' in (7.4)
exists as an extended real number. Then the radius of convergence is equal to

0  ifL'=oo,
& if0< L' <oo,

+oo if L' =0.
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7.4.3 Uniform Convergence

In section 7.3.4 we discussed several properties that are preserved by uniform con-
vergence. The following observation will allow us to use those results.

Theorem 7.8. A power series ¥ a;(x —c)' converges uniformly on every closed
bounded interval inside its interval of convergence.

Ideas of Proof. We will compare the power series to a convergent geometric series
and then use the Weierstrass M-Test to conclude its uniform convergence.

Proof. Once again we leave the R = 0 and R = +o00 cases as exercises. We will
prove the case 0 < R < +o0. A closed bounded interval inside (¢ - R, ¢+ R) must be
contained in a closed bounded interval
I=[c-€eR,c+eR] forsome0<e<l.

Pick any r with e <r < 1. For x in I, we have

|t —¢<rR=———+,
lim sup |ay,|=
which implies

lim sup (|an|71l|x - c|) <T.
Therefore, there exists N such that, for x in I, we have
lan(x - )| <r™ foralln> N.

Since |r| < 1, the geometric series Y. r™ is convergent. The Weierstrass M-Test
(Corollary 7.2) now implies that the power series converges uniform on 1. O

In particular, when the radius of convergence is +o0, the power series converges
uniformly on every closed bounded interval in R. Next we turn to properties of
power series that can be computed term-wise.

7.4.4 Term-Wise Integration

The following result says that a power series can be integrated term-by-term within
its interval of convergence.

Theorem 7.9. Suppose a power series f(z) = ¥ a;(x—c)" has radius of convergence
R>0. Then

f f@)dt=>" 'C.:_il (z-c)*  for all |z| < R,
c i=0 ¥

and this power series also has radius of convergence R.

Proof. The equality follows from Theorem 6.9, Corollary 7.4, and Theorem 7.8,
applied to the closed bounded interval with end points ¢ and . The assertion

concerning the radius of convergence follows from the equality
1
an—l n

lim sup |an|% = lim sup ,

which in turn is true because limn# = 1 (Exercise (13) on page 44). O
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7.4.5 Term-Wise Differentiation

The following result says that a power series can be differentiated term-by-term
within its interval of convergence.

Theorem 7.10. Suppose a power series f(x) = Y a;(x - ¢)® has radius of conver-
gence R>0. Then:

(1) The power series f is differentiable in its interval of convergence.
(2) Its derivative is given by

f(@) = i(x o)t

for x in the interval of convergence (¢ - R,c+ R).
(3) The power series Y ia;(x —c)"™! also has radius of convergence R.

Proof. We apply Theorem 7.8 and Corollary 7.6 with f,, = a,(z—c)™. To see that
we can actually use Corollary 7.6, it suffices to show that the term-wise differentiated
power series Y ia;(z —c¢)! has radius of convergence R. To do this, it is enough to
show

lim sup |an|% =limsup |(n + 1)an+1|% .
This equality holds because lim(n +1)# = 1. O

Since the term-wise differentiated power series has the same radius of conver-
gence, the same process can be applied to it to obtain the second derivative, and so
forth.

Corollary 7.7. Suppose a power series f(z) = ¥ a;(x—c)® has radius of convergence
R>0. Then:

(1) The nth derivative ) exists for each n > 1 in its interval of convergence.
(2) Its nth derivative is given by

ad 7! .
FO) = 3 e =)

for x in the interval of convergence (¢ — R,c+ R).
(8) The power series in the previous part also has radius of convergence R.

Proof. The case n = 1 is Theorem 7.10. The induction step also follows from
Theorem 7.10. (]

Therefore, a power series is infinitely differentiable in its interval of convergence,
and the derivatives are all computed term-wise. Recall that a power series at ¢ must
converge at z = c. The following result was informally suggested in section 5.3.1.

Corollary 7.8. Suppose a power series f(z) = ¥ a;(x—c)® has radius of convergence
R>0. Then
_ ™)

Qg |
n:

for each n > 0.
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Proof. Evaluate the power series for f(™ at z = ¢. Every term is 0, except the
first one, which is

f(n)(c) = *an-

Since 0! = 1, we obtain the desired equality. a

7.4.6 Taylor Series

We now turn to the question of representing a given function by a power series. The
following definition is suggested by Corollary 7.8 and also by the Taylor polynomial
(5.5).

Definition 7.8. Suppose f is infinitely differentiable on an open interval I that
contains a point ¢. The Taylor series of f at c is defined as the power series

k
T(fie)(w) = 3 LD ooy

k=0

for z in I.

There is no general claim that the Taylor series converges, or that it converges
to the intended function f. An optimistic guess would be that the Taylor series
converges to f in its interval of convergence. However, this is not true in general.
In fact, it is possible for the Taylor series to converge to a function different from f.
In other words, convergence of the Taylor series itself is not enough to imply that
the limit is f. One such example is in the exercises.

Note that the degree n Taylor polynomial T, (x;c) (5.5) is the nth partial sum
of the Taylor series of f. Thus, the convergence of the Taylor series is really about
the convergence of the sequence of Taylor polynomials. Recall from (5.4) that the
nth error term is defined as the difference

Rn(x3c) = f(z) - Tn(x3c)'

Therefore, the Taylor series converges to f precisely when the sequence of error
terms converges to 0. The following result gives a convenient sufficient condition
for the Taylor series to converge to the desired function.

Theorem 7.11. Suppose f is infinitely differentiable on an open interval I that
contains a point c. Suppose for each x in I, there exists a real number M, such that

|F™ () < My for all n and all y between ¢ and x.
Then the Taylor series T(f;c)(x) converges pointwise to f(x) on I.
Proof. For each z in I, by Taylor’s Theorem 5.8 the nth error term is

(n+1)
Ru(aie) = Lo o
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for some point b between ¢ and x. The assumption then implies

MI|.’IJ _ c|n+1

B (w:0)l € =0 )

This last sequence converges to 0 for each x, so lim, o Ry (2;¢) = 0. This means
that the Taylor series converges to f. ([

For example, the previous theorem can be applied to the familiar functions e*,

sinx, and cosx to show that each of their Taylor series converges to the function
itself on R.

7.4.7 FEzxercises

Prove the cases L =0 and L = oo of Theorem 7.6.

Prove the cases R =0 and R = +oco of Theorem 7.8.

Explain why the proof of Theorem 7.8 cannot be used to show that the power
series converges uniformly on its interval of convergence.

Write down all the details of the proof of Theorem 7.9.

Write down all the details of the proof of Theorem 7.10.

Write down all the details of the proof of Corollary 7.7.

Suppose the power series ¥ a;(z—c)? and ¥ b;(z—c)® both converge to a function
f on some open interval containing ¢. Prove that a,, = b, for all n. This exercise
shows that the coefficients a,, are uniquely determined by the power series in
its interval of convergence.

Consider the function

e T ifa #£0,
xT) =
/(@) {O if x=0.

(a) Prove that f is infinitely differentiable on R.

(b) Prove that the Taylor series T'(f;0) of f at 0 is the 0 function. Conclude
that the Taylor series does not converge to f on any open interval containing
0.

Derive the Taylor series at 0 of the functions e*, sinz, and cosx. Then show
that in each case the Taylor series converges to the function itself on R.

For each integer n > 1, derive the Taylor series at 0 of ﬁ
its interval of convergence. Then prove that the Taylor series converges to the

and determine

function itself on the interval of convergence.
Repeat the previous exercise for the functions In(1+z) and tan™! z.
Suppose f(z) = ¥ a;z* has radius of convergence R > 0.

(a) Prove that f is an odd function if and only if a; = 0 for all even 1.
(b) Prove that f is an even function if and only if a; = 0 for all odd 3.
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(1)

(10)
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Additional Exercises

Suppose {f,} converges uniformly to f on S and on 7. Prove that {f,}
converges uniformly to f on SuUT.
Suppose Y f, converges uniformly to f on S and on 7. Prove that Y f,
converges uniformly to f on SuT.
Suppose Y. f, converges uniformly to f on S with each f,, bounded. Prove
that f is bounded on S.
Suppose {f,} converges uniformly to f on S, and each f,, is bounded on S.
Define g, = %2211 fi. Prove that {g,} converges uniformly to f on S.
Suppose { f,,} converges to f uniformly on [a,b], each f, is integrable on [a, b],
and {z,} is an increasing sequence in [a,b] that converges to b. Prove that
lim [ f, = fbf.
n—oo Ja a
Give an example in which f,, is not continuous at any point on [0,1], and ¥ f,
converges uniformly to a continuous function on [0,1]
Suppose Y. f, converges uniformly on S to a function f. Prove that

Jim (sup{|f ()] 5 x € 5}) =0.

A sequence of functions {f,} on S is equicontinuous if, for every € > 0, there
exists § > 0 such that

|z —y| <6 with z,y € S implies |f,(z) - fn(y)|<e forall n.

(a) Suppose {f,} is an equicontinuous sequence of functions on S that con-
verges pointwise to f. Prove that f is uniformly continuous on S.

(b) Suppose {f,} is a sequence of continuous functions on [a, b] that converges
uniformly to f. Prove that {f,} is equicontinuous.

Abel’s Theorem says: Suppose f(z) = Y a;z' has radius of convergence
R =1 and that it converges at « = 1. Then it converges uniformly on [0,1].
Prove this theorem as follows.

(a) For non-negative integers m < n, use the abbreviation
Amn = Qm + Qme1 + 0+ Ap.

Prove that
n+j j-1

Z a;xt = an)mjx"” +z"(1-x) Z amnﬂ»xi
i=n =0

for all n and j. This is called Abel’s Formula.
(b) Use the convergence of ¥ a; and the previous part to show that the power
series ¥ a;z" satisfies the Cauchy criterion (Corollary 7.1) on [0,1].

Use the previous exercise and a change of variable to prove the general form
of Abel’s Theorem: Suppose f(z) = ¥ a;z° has radius of convergence 0 < R <
oo and that it converges at x = R. Then it converges uniformly on [0, R].
Moreover, if it converges at « = —R, then it converges uniformly on [-R, 0].
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(11)

(12)

(13)

(14)

(15)

(16)
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Use the previous exercise to prove the statement: Suppose f(z) = ¥ a;z° has
radius of convergence 0 < R < oo and that it converges at x = R. Then f is
continuous at x = R. If it converges at x = —R, then f is continuous at = = —R.
Use the previous exercise and the Taylor series at 0 of In(1 + x) to prove the
equality

1 1 1

o 1
In2=S(-)"==1-Z+--"+
" z¥ ) 273 1

In other words, the alternating harmonic series converges to In 2.

Suppose {f,} is a decreasing sequence of continuous functions on [a,b] (i.e.,
fa(2) 2 frne1(x) for all n and z) that converges pointwise on [a,b] to the 0
function. Prove that f,, converges to 0 uniformly.

Suppose {f,} is an increasing sequence of continuous functions on [a,b] (i.e.,
fu(z) € fay1(x) for all n and z) that converges pointwise to a continuous
function f on [a,b]. Prove that f, converges uniformly to f. This result is
known as Dini’s Theorem.

Give an example to show that the conclusion of the previous exercise may fail
if the interval is of the form [a,b).

Give an example to show that the increasing assumption cannot be omitted
in Dini’s Theorem.



Hints for Selected Exercises

Section 1.1.4

(1) No. (10) 2.
Section 1.2.5

(1) No. (6) m™ and ("")n!.
Section 1.3.7

(20) Pick N with =+ N >0, and apply the z >0 case to z+ N <y + N.
Section 1.5.3

(6) Prove this by induction.

(14) Try to imitate the proof of Theorem 1.9.

(17) Prove this by contradiction.
Section 1.6

(7) First prove that S has a countable subset A = {ag,a1,...} (Exercise (6) on
page 6). Define T'= S~ {ap}. Let f:S - T be the function defined as

f(x):{x if ¢ A,

an+1 i z=a,c¢cA.

Prove that f is a bijection.

(25) A is bounded above by by, and B is bounded below by a;. To prove a < 3,
first prove that a; < b; for all ¢ and j.
Section 2.1.5

(13) Use any € > 0 with e < L.
Section 2.2.4

(13) For the first part, note that (g) = n(g_l) and that b, > 0 for n > 1. To prove
b, — 0, first establish

2
n-1
(15) For the first part, first prove (1+7)" > (5)r?.
Section 2.3.4
(8) First construct a subsequence that converges to 0.

2
> by,

(18) To show that {b,} is decreasing, prove that if S ¢ T" are non-empty and
bounded above, then sup(S) < sup(T).

183
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Section 2.4.5
(11) Use induction to construct a subsequence with |a,,, — x| < %
(16) Since limsupa, = lims, < M, there exists N such that n > N implies
Sp < M.
Section 2.5
(17) Use an enumeration of the rational numbers between 0 and 1.
Section 3.1.5
(13) Use the Monotone Convergence Theorem.
(15) The sequence of partial sums for Y b, is a subsequence of the sequence of
partial sums for Y a,.
Section 3.2.3
(4) Use Cauchy’s criterion and the Triangle Inequality.
Section 3.3.1
(2) and (3) Both statements are false.
Section 3.4.4
(6) For the first part, use the equality

GN+1 AN+2 Qnp Qp

aGN GN+1 QAp-1 AN

For the second part, show that limsup a;? <L+e.
Section 3.5.1

(2) Prove the first part by contradiction. If there are only finitely many g,
then after excluding finitely many a, we have Y a, = Y. pn, which is convergent, and
hence absolutely convergent. For the second part, note that {p,} is a subsequence
of {a,}. The last part is proved by contradiction again.
Section 3.6

(1) Use Cauchy Condensation Test.

(11) For the last part, use the previous part and the Comparison Test.

(12) For the second part, use Kummer’s Test.
Section 4.1.1

(5) Prove the “only if” part by proving its contrapositive.
Section 4.2.5

(10) If limye f = L >0, use € = %
Section 4.3.3

(3) Use the corresponding statements about limits of sequences.
Section 4.4.1

(6) Consider the function g(z) = f(z) — 2, and use the Intermediate Value
Theorem.
Section 4.5.1

(7) For the first part, use the previous exercise. For the second part, consider
the sequence x1,y1,T2,y2, . . ..
Section 4.6.4

(3) For the first part, if f is not strictly increasing, then there are x < y in
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[a,b] such that f(z) > f(y). So either x # a or y # b. In the former case, we have
a <x<y<b Now apply the Intermediate Value Theorem on [a,z] for the value
f(y) to obtain a contradiction.
Section 4.7.4

(12) Use induction on the number of points added to P.
Section 4.8

(10) Use the Intermediate Value Theorem on the function

9(z) = f(z+1) - f(z)

n [0,1].

(18) For the first part, pick a sequence of irrational numbers that converges to x.
For the second part, first show that every e-neighborhood of z contains only finitely
many rational numbers 23 such that ¢ < % Pick ¢ such that the §-neighborhood of
x contains no such rational numbers.

Section 5.1.6
(2) The sequential definition of f’(c¢) is this: For every sequence {x, } in I~ {c}
with lim z,, = ¢, the sequence whose nth term is
f(xn) - f(C)
Tp—C
converges to f'(c). The e-¢ definition of f/(c) is this: For every e > 0, there exists
4 >0 such that 0 < |z - ¢| < § with z in T implies

f(@) - f(e) f(C)

T —

- ()| <e

(8) Use induction and the product rule. (13) No.
Section 5.2.4

(2) Consider the function (1 + z)™ on [0,a].

(12) Apply the Mean Value Theorem on [a,c] and [¢,b].

(14) and (15) First prove the case with y = 1. Then apply this case with =
replaced by %

(16) Use the continuity of f’ to show the existence of J on which f’ # 0. Then
use Rolle’s Theorem.
Section 5.3.5

(13) Use the previous exercise, and imitate the proof of L’'Hospital’s Rule, using
the Mean Value Theorem n + 1 times.
Section 5.4

(7) For “only if” imitate the proof of chain rule. Define

TERICRSN
9(w) = {f() ito=c.

(9) Apply Rolle’s Theorem to g(z) = ™" f(z).
(11) Set g(x) = .
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(13) Use Theorem 4.10 and the Intermediate Value Property for derivative.

(15) Use the Mean Value Theorem three times, twice for f and once for f’.
Section 6.1.6

(6) For the first inequality, use

f(@) +9(y) <ui(f) +uig)

for all z,y in [x;-1,2;].

(12) Choose P with norm < HOSOR

(14) Prove this by induction on n.

(15) Use Theorem 6.2, the previous exercise, and an $-argument.
Section 6.2.3

(4) Use an §-argument.

(5) The “only if” part is an easy 5-argument. The other direction is a slightly
harder §-argument using Theorem 2.10.

(7) Use the approximation

b
R [ R(:P)
for P having small norm.

Section 6.3.4
(1) To prove that rf is integrable for r > 0, first prove

U(rf; P)=rU(f;P) and L(rf;P)=rL(f;P).
To prove that rf is integrable for r < 0, first prove
U(rf;P)=rL(f;P) and L(rf;P)=rU(f;P).

To prove [’ f>0if f(z) >0 for all z, first prove U(f; P) > 0.
(2) To prove that |f| is integrable, first prove

wi(If1) = L(1f1) < wi(f) = 1:(f)-

To prove the inequality, use —|f| < f <|f| and Theorem 6.6.

(5) First prove the following statement. If f = 0 except for finitely many points
on [a,b], then f is integrable with fabf =0.

(6) Use the Mean Value Theorem for integrals.

(8) Prove this by contradiction. If f(x) > 0 for some point z, then there is
a small interval containing x on which f > r for some positive real number 7.
Construct a partition P that includes the end points of this interval, and observe
that L(f; P) > 0. Use this to conclude that fab f>0.

(9) Note that g is uniformly continuous on [¢,d]. We may assume that g is not

the 0 function. Thus, given € > 0, there exists 0 < § < ¢g such that
€

2(b—a) +4M’
where M =sup{|g| on [¢,d]} > 0. Use the integrability of f to obtain a partition P
such that

|z —y| <d implies |g(x)-g(y)|<eo=

U(f;P)-L(f;P) <6
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Then prove that
Ulge f;P) - L(ge f; P) <e.

(10) Use the previous exercise with g(x) = z2.

(11) First prove fg = 1[(f+9)* ~ (f - 9)?].

(12) Start with the inequality

mg(z) < f(x)g(x) < Mg(z),

where m = inf{f(z) : x € [a,b]} and M =sup{f(z) : = € [a,b]}. Integrate and use
the Intermediate Value Theorem for f.
Section 6.4.7

(1) Use Theorem 6.12 and take derivative on both sides to obtain f(z) = - f(z).

(2) First write g in terms of F(z) = [ f.
Section 6.5

(1) First compute derivatives on both sides.

(3) A function of bounded variation is the difference of two increasing functions
(Theorem 4.16), which are integrable by Exercise (12) on page 141.

(6) For the first part, use Exercise (7) on page 98. For the second part, use
Exercise (5) on page 149 and Theorem 6.7.

(7) Use Exercise (13) on page 13, Exercise (5) on page 5, and Theorem 6.7.

(8) For the “if” part, take a large enough closed sub-interval of (a,b) and use
an g-argument. fab f =lims_g+ fab;; f

(9) Use Theorem 6.2, Theorem 6.4, and an g-argument.

(10) Use the step function in (4.5).

(12) Take f as the Thomae function on [0, 1] (Exercise (14) on page 149). Define
g as g(0) =0 and g(x) =1 for x > 0.
Section 7.1.6

(12) Use the approximations and inequality

f(@) =~ fo(@) < fuly) = f(y)
for x < y.
(13) Approximate f(a) with f,,(a) and then with f,(ay).
Section 7.2.5
(3) Use an argument similar to the proof of the product rule.
(4) Enumerate the rational numbers in [0, 1] as ¢1,¢s,. ... Define

fn(x) = {

Show that f, is integrable, and that f is the characteristic function on Q.
(12) Try o = Lxq.

Section 7.3.6
(3) Justify and use the equalities

1 ifﬂfqu,...,qn,
0 otherwise.

[}



188 A First Course in Analysis

(8) Use Corollary 7.1 with n =m + 1.

Section 7.4.7
(3) The Weierstrass M-Test would not apply when M, = 1".
(8) Prove by induction that

" 0 if x =0,
f( )(l') = -1/ 2 3 .
e TPy (x) if x40,

where P, is some non-zero polynomial of degree < 3n.
Section 7.5
(5) Use an {-argument and the approximations

[(ravtrPy Gy [ s [T 1

(6) TI'y fn = Q%Z'XQ.
(8) For the first part, use the approximations

f@)~ fu(@) » fu(y) » f(y).

For the second part, use the approximations

fo(@) = f(@) ~ f(y) ~ fn(y).

(9) For the first part, expand the right-hand side in terms of aj. For the second
part, first use the Cauchy criterion on the convergent series Y. a; to conclude |am, | <
€ for large m and any n > m.

(11) Reduce to the situation of the previous exercise by considering g(z) =

f(Rx).
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93
105
105
105
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Description

x is an element in S

y is not an element in S
S is a subset of T
union, intersection
difference, product
domain of f

range of f

image of A under f
inverse image of B under f
inverse function
composition

supremum of S

infimum of S

n factorial

binomial coefficient
sequence

sequence converges to L
sequence diverges to oo
subsequence

limit superior

limit inferior

series

limit of f

left-hand limit
right-hand limit
characteristic function of .S
partition of [a,b]

variation of f with respect to P

variation of f on [¢,d]
derivative
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fFm

T.(z;¢)

R, (z;¢)

17

AiL’i

L:i(f)

ui(f)

L(f;P)

U(f;P)

L(f)

U(f)

Ji £, [ F(@)da
R(f; P)

RS f

£l

limy, oo fn

fn = [ pointwise
fn — f uniformly

Sfo
Yai(x-c)
T(f;c)(z)

115
126
126
136
136
136
136
136
136
136
136
138
142
143

151
158
158
159
163
169
175
179
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nth derivative

degree n Taylor polynomial

nth error term

norm of P

i — Ti-1 in P

infimum of f on [z;_1, z;]
supremum of f on [x;_1,x;]
lower sum of f with respect to P
upper sum of f with respect to P
lower sum of f

upper sum of f

integral of f on [a,b]

Riemann sum of f with respect to P
Riemann integral of f on [a,b]
f(b) - f(a)

pointwise limit of {f,}

{fn} converges pointwise to f
{fn} converges uniformly to f
approximation

series of functions

power series at ¢

Taylor series of f at ¢
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Abel’s Formula, 82, 181
Abel’s Test, 82

Abel’s Theorem, 80, 181
algebra of functions, 109
Alternating Series Test, 70
Archimedean Property, 12

Bernoulli’s Inequality, 18
binomial coefficient, 18
Binomial Theorem, 19
Bolzano-Weierstrass Theorem, 46
bounded, 10

above, 10

below, 10
bounded variation, 105

Cantor’s diagonal argument, 23
Carathéodory’s Theorem, 132
Cauchy Condensation Test, 64
Cauchy criterion

integrability, 141

Riemann integrability, 145

sequence, 48

series, 63

series of functions, 170
Cauchy product, 82
Chain Rule, 118
characteristic function, 93
Comparison Test, 67
Completeness Axiom, 11
continuous, 91

e-0 characterization, 92

extension, 114

left, 112

nowhere differentiable, 172

piecewise, 155
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right, 113
uniformly, 96
convergence
function, 85
sequence, 31
series, 62

derivative, 115
left-hand, 132
right-hand, 132

differentiable, 115
continuously, 116
infinitely, 116

Dini’s Theorem, 182

Dirichlet’s Test, 82

discontinuous, 91

divergence
sequence, 31, 33
series, 62

5-argument, 35
equicontinuous, 181
error term, 127

extended real number, 51
Extreme Value Theorem, 94

factorial, 18

field, 8
ordered, 9

function, 4
bijection, 5
bounded, 93

bounded variation, 105

characteristic, 93
composition, 6
decreasing, 99
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domain, 4

even, 132

image, 4

increasing, 99

injection, 5

inverse, 6, 101

inverse image, 5

limit, 85

Lipschitz, 112
monotone, 99

odd, 132

periodic, 111, 172
periodic extension, 112, 174
piecewise continuous, 155
piecewise monotone, 155
range, 4

step, 104

strictly decreasing, 99
strictly increasing, 99
strictly monotone, 99
surjection, 5

target, 4

Thomae, 112, 149

Fundamental Theorem of Calculus, 150,

153

induction, 17, 20
infimum, 11
integrable, 138
e-criterion, 139
integral, 138
improper, 156
linearity, 146
Integral Test, 156
integration by parts, 151
interchange of limits, 163, 171
Interior Extremum Theorem, 122
Intermediate Value Theorem, 94
for derivative, 129
interval, 14
interval of convergence, 176
Inverse Function Theorem, 119
irrational number, 2, 13
isolated point, 111

Kummer’s Test, 81
L’Hospital’s Rule, 128

limit
e-0 characterization, 87

A First Course in Analysis

at oo, 110
function, 85
inferior, 53
left-hand, 88
right-hand, 89
sequence, 31
series, 62
subsequential, 52
superior, 53, 175
uniqueness, 34
Limit Comparison Test, 69
limit point, 83
lower bound, 10
greatest, 11
lower sum, 136
with respect to P, 136

Mean Value Theorem, 123
Cauchy, 132
for integral, 148

Monotone Convergence Theorem, 39, 47

Nested Interval Property, 27, 44
norm, 136

partial sum, 62, 169
partition, 105
point, 105
tagged, 142
Pascal’s Triangle, 18
peak, 46
pointwise convergence, 157
pointwise limit, 158
power series, 175
term-wise differentiation, 178
term-wise integration, 177
uniform convergence, 177
Product Rule, 117
Generalized, 121

Quotient Rule, 117

Raabe’s Test, 81

radius of convergence, 175

Ratio Test, 74

rational number, 2, 13
countable, 22

refinement, 136

Riemann integrable, 143

Riemann integral, 143
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Riemann Rearrangement Theorem, 79
Riemann sum, 142

Rolle’s Theorem, 123

Root Test, 73

sequence, 30
bounded, 37
Cauchy, 47
contractive, 50
decreasing, 38
Fibonacci, 30
increasing, 38
monotone, 38
strictly decreasing, 38
strictly increasing, 38
strictly monotone, 38
subsequence, 45
sequence of functions, 157
series, 62
p-series, 65
absolutely convergent, 72
alternating, 70
alternating harmonic, 70
conditionally convergent, 72
geometric, 30, 64
harmonic, 64
rearrangement, 77
series of functions, 169
set, 1
closed, 26, 113
countable, 22
difference, 3
disjoint, 3
disjoint union, 3
empty, 1
finite, 21
infinite, 21
intersection, 3

non-empty, 1
open, 26, 113
power, 4, 26
product, 3
proper subset, 2
subset, 2
symmetric difference, 25
uncountable, 22
union, 2
Squeeze Theorem, 42
subsequence, 45
limit, 52
substitution, 154
supremum, 11

Taylor polynomial, 127
Taylor series, 179
Taylor’s Theorem, 127
integral form, 152
telescoping sum, 49

Tietze Extension Theorem, 114

Triangle Inequality, 9

unbounded, 10
uniform convergence, 159
uniform limit, 159
uniformly bounded, 169
uniformly Cauchy, 160
upper bound, 10

least, 11
upper sum, 136

with respect to P, 136

variation, 105

Weierstrass M-Test, 170
Well-Ordering Property, 17
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